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Introduction

Noncommutative algebra naturally arises in the study of resolution of singular vari-
eties, as highlighted by the McKay correspondence.

This correspondence establishes a bijection between finite subgroups of SL(2,C) and
Dynkin quivers. It can be obtained by studying the irreducible representations of such
groups.

Definition. Let G < SL(2,C) be a finite subgroup, let p be the natural representation of
G and po, . . . px be the irreducible G-representations. For i,j € {0,...,k} let a;; be defined
by the decomposition

p@pi=Pp;".
j

The McKay quiver of G has a vertex for each p; and 4;; arrows going from vertex i to vertex
j.

Theorem (see e.g. [Kirl6, Theorem 8.13, Theorem 8.15]). The McKay quiver of G is an
extended Dynkin quiver of type ADE. Moreover, this assignment establishes a bijection
between finite subgroups of SL(2, C) and Dynkin diagrams of type ADE.

As a linear group, G has a natural action on the affine plane C? = Spec(C|x,y]). Let
X be the quotient
X = C/G = Spec(C[x,y]°).

This is a surface with a unique singular point in the origin. It is known, see e.g. [Kir16,
Theorem 12.3], that such a variety admits a minimal resolution of its singularity.

Surprisingly, the McKay quiver of G controls the geometry of the resolution of the
singularity of X.

Definition. Let 77: Y — X be the minimal resolution of the singular point of X. The
resolution graph of X is a graph with a vertex for every irreducible component of the
exceptional divisor 771(0). Two vertices are joined by an edge if the two corresponding
components intersect.

Theorem (see e.g. [Kirl6, Theorem 12.3]). The resolution graph of X = C2/G is an
Dynkin diagram of type ADE. Moreover, it is exactly the Dynkin diagram whose associ-
ated extended Dynkin quiver corresponds to G via the McKay correspondence.

From this example, it seems clear that noncommutative algebra (in this case the rep-
resentation theory of G) plays a key role in understanding the geometry behind the res-
olution of singularities, and more in general in birational geometry. In the above case,
the crucial objects in understanding the geometry of the resolution were the irreducible
representations of G, that is the irreducible objects in mod(C[G]).
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Inspired by this example, a typical approach in birational geometry is to try and find
an abelian category (possibly a category of modules over an algebra), which provides
insight into the geometry of the morphism under investigation.

The typical approach is to consider a birational morphism

f:Y—=X

between Noetherian schemes over a field k. By assuming suitable hypotheses on f, we
may construct a k-algebra A (usually noncommutative) in such a way that its module
category mod(A) captures information about the geometry of f. In even more generality,
we may try and construct an abelian category A encoding geometrical information about
the morphism f.

The work presented in this thesis falls under the aforementioned approach. Starting
from a morphism f: Y — X, we construct two abelian categories, called perverse coherent
sheaves categories, which capture information about the geometry of the morphism. In
the case where the base X is affine, these are equivalent to categories of modules over a
k-algebra.

The main reference that guides the content of this thesis is Van den Bergh’s paper
[Van04]. We now give a brief overview of the situation presented in [Van04], which will
be studied in detail in Chapter 2.

We consider a projective birational morphism

f:Y—X

between Noetherian equidimensional schemes over a field k, assuming the existence of
a point p € X such that the fiber f~!(p) = C is a curve contained in Y, with f being
an isomorphism outside C. Additionally, we assume that Rf,Oy = Ox. A prototypical
example of this scenario is the resolution of rational singularities of surfaces.

Using direct images of the morphism f, we define two torsion pairs (7,, F), for p =
—1,0, on the bounded derived category of coherent sheaves D’(coh(Y)). By applying
the process of tilting to these torsion pairs, we obtain two abelian categories

Per’(Y/X) C D"(coh(Y)),

referred to as categories of perverse coherent sheaves. These categories are “tilts” of the
standard heart of the derived category and encode important information about the mor-
phism f. For example, if f is a resolution of a rational singularity, the perverse coherent
categories provide insights into the type of the singularity.

The main result of this thesis establishes an equivalence between the perverse coher-
ent sheaf categories Per? (Y /X) and a category of coherent sheaves. More formally, we
prove the following theorem.

Theorem A (Theorem 2.4.2). Assume that P is a local projective generator in Per? (Y /X)
and let A := f,Endy(P). Then the functors

Rf.RHomy(P,—): Db(coh(Y)) — Db(coh(A)),
FY(=) 104 P: D"(coh(A)) — D¥(coh(Y))

define inverse equivalences of triangulated categories. These equivalences map the per-
verse t-structure of D?(coh(Y)) to the canonical t-structure of coh(A). Therefore, they
restrict to equivalences between Per” (Y /X) and coh(\A).
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This result establishes a deep connection between the derived category of coherent
sheaves on Y and the category of coherent sheaves on a certain sheaf of algebras .4, which
is the pushforward of the endomorphism algebra of a projective generator.

A crucial part of the proof is an analogous statement for the case where the base
scheme X = Spec R is affine. In this situation, the categories of perverse coherent sheaves
are equivalent to categories of modules over a k-algebra. This more algebraic setting
allows us to leverage tools from representation theory and homological algebra, which
simplify the analysis. The corresponding affine version of the main theorem is as follows.

Theorem B (Theorem 2.3.20). Suppose that the base scheme X = SpecR is affine. Let
P be a projective generator in Per?(Y/X) and let A := Endy(P). To distinguish the R-
module structure and the A-module structure on P, we denote the latter by 4. Then
the functors

R Homy (4P, —): D’(coh(Y)) — D”(A),
— 4 4P: DY(A) — D(coh(Y))

define inverse equivalences of triangulated categories. These equivalences map the per-
verse t-structure of D(coh(Y)) to the canonical t-structure of D’(A). Therefore, they
restrict to equivalences between Per? (Y /X) and mod(A).

The significance of these theorems relies on the existence of a projective generator, as
established by the following results.

Proposition C (Proposition 2.4.3). Assume that X is quasi-projective over a Noetherian
ring S. Then there exists a local projective generator P for Per !(Y/X), such that the
dual PV is a local projective generator for Per’ (Y /X).

Proposition D (Proposition 2.3.15). Suppose X = SpecR is affine. Then, there exists a
vector bundle P which is a projective generator in Per ' (Y/X) and whose dual PV is a
projective generator in Per (Y /X).

Moreover, we are able to give an explicit characterization of the projective generators
in Per” (Y /X), thus allowing a deeper study of the algebra A. This is highlighted in the
last part of the thesis, where we we perform some explicit computations.

By supposing that X = SpecR is the spectrum of a Noetherian complete local k-
algebra with residue field k (the formal case), we are able to make a canonical choice of a
projective generator and find properties of its endomorphisms algebra Endy (P).

Notice that Proposition C and Proposition D establish a form of duality between the
two perverse categories. In the affine case, we obtain

Per }(Y/X) ~ mod(Endy(P)) and Per’(Y/X) ~ mod(Endy(P")).

Thanks to Theorem B, it becomes clear that the endomorphism rings of projective
objects in linear categories are of great importance to the study of birational geometry.
The module categories of such rings can be studied through the tools of Morita theory. In
Appendix A we review the basics of Morita theory for finite dimensional k-algebras.



Outline of the thesis

The thesis is organized as follows.

Chapter 1: Torsion pairs, t-structures and tilting

This chapter provides the foundational background on torsion pairs and t-structures
in abelian and derived categories. Here, we set up the necessary tools and concepts that
are used throughout the thesis to define perverse coherent sheaves.

We introduce tilting theory and discuss its significance in constructing new abelian
categories from derived categories. This discussion is primarily based on the work of
Happel, Reiten, and Smale, [HRS96], which builds upon the foundational theory intro-
duced by Beilinson, Bernstein, and Deligne, [BBD82].

Chapter 2: Perverse coherent sheaves

This chapter constitutes the core of the thesis, where we closely follow [Van04]. We
first introduce the geometric setting and define the torsion pairs (7,, ). Once the per-
verse categories Per? (Y /X) are defined and their basic properties studied, we move on
to proving Theorem B and Theorem A.

In the last part of the chapter we make some explicit computations. First we study the
formal case, where we are able to express more explicitly the projective generators. Finally,
we apply the proven equivalence to the study of certain birational morphisms.

Appendix A: Morita Theory

Two k-algebras A and B are said to be Morita equivalent if their module categories
mod(A) and mod(B) are equivalent. Therefore, to study a k-algebra A in the context of
Morita theory is to study the properties of its module category. In the appendix, we re-
view the basic results concerning Morita theory of finite-dimensional k-algebras, follow-
ing mainly [AC20]. The combinatorial aspects of Morita theory are particularly evident
through the study of quivers associated with these algebras.



Chapter 1

Torsion pairs, t-structures, and tilting

In this chapter, we introduce the notions of torsion pairs of an abelian category A and
t-structures of the derived category D(.A). Furthermore, we show the relation between
torsion pairs and t-structures. We follow [HRS96].

1.1 Torsion pairs, t-structures, and tilting

Let A be an abelian category. We denote by C(A) the category of complexes
in A and by C*?(A), C*(A) the categories of complexes in .4, which are respec-
tively bounded below/above and have bounded cohomology. Similarly, denote by
K(A), K**(A), K=(A) the corresponding homotopy categories.

Let D(.A) be the derived category of A and D*(A), D~ (A), D’(A) be the subcate-
gories of complexes with cohomology bounded respectively below, above, or both.

Remark 1.1.1. The derived category D’(.A) endowed with the natural translation functor
is a triangulated category.

Definition 1.1.2. A forsion pair is a pair (7, F) of full subcategories of A, which satisfy
the following properties.

(@) Homy(T,F) =0forall T € T and F € F.
(b) Every object X € A fits into a torsion exact sequence
0—=tX) = X— X/tHX)—0, (1.1)
with #(X) € T and X/#(X) € F.

The category 7 is called torsion class and its objects are called torsion objects. The category
F is called torsion free class and its objects are called torsion free objects.

Proposition 1.1.3. The following properties are satisfied
(a) If X € Ais an object such that Hom4 (T, X) = 0 forall T € T then X belongs in F.
(b) If X € Ais an object such that Hom 4(X, F) = 0 for all F € F then X belongsin 7.

(c) The subcategories 7, F are closed under extensions. Moreover, 7 is closed under
quotient objects, while F is closed under subobjects.
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Proof. Properties (a) and (b) follow trivially from the torsion exact sequence (1.1).

We prove (c) for the subcategory 7T, the proof for F is analogous. Let
0-X -X—-X"-0

be a short exact sequence in A. For each object F € F, we may act on the sequence via
the functor Hom 4 (—, F) and get the exact sequence

0 — Homy (X", F) — Hom 4(X, F) — Homy (X', F).

If X belongs to 7, then Hom 4(X, F) = 0 for all F € F and therefore Hom 4(X",F) = 0
for all F € F. Using (b) we get that 7 is closed under quotient objects.

Similarly, if X’ and X” belong to 7, then Hom 4(X’, F) = Homy (X', F) = 0 for all
F € F. Using (b) we get that 7 is closed under extensions. O

Let C be a triangulated category. For X € C denote the translate of X by T(X) = X[1]
and recursively T"(X) = X[n].

Definition 1.1.4. A t-structure on C is a pair (C=,C=0) of full subcategories of C such
that, setting C=" := C=%[—n] and C=" := C="[—n] for n € N, the following properties are
satisfied.

(@) Home(X,Y) =0forall X € C=9, Y € C=L.
(b) C=0 C ¢c=land C=' C C20.
(c) For all X € C there exists a triangle
X' = X—=X"—= X[1]
with X’ € C=9, and X" € C=1.

Definition 1.1.5. Let (C=°,C=?) be a t-structure on the category C. The heart of the t-
structure is defined as the full subcategory H := C=0 N C=0.

Theorem 1.1.6 ([BBD82]). The heart H is an abelian category.

Example 1.1.7. If C = DY(A) is the bounded derived category of 4, we can define a
trivial t-structure on C. Let

C=0 = {X € DY(A) | HI(X®) = 0foralli > 0

b
c=0 = {X' € D'(A) | H(X®*) =0foralli < 0}
On C(.A) there is a truncation functor <o defined as follows. If
X=X o5Xt 5. . 5x 15X
is an object in C(.A), its truncation is
ToX* =X = Xt 5. 5 X S kerdy - 0—0--- .
Denote by 7>1X* the quotient X*/7<(X*. Then in C(.A) there is a short exact sequence

0= T<0X®* = X* - 51X* =0,
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which yields a triangle in D?(.A)
T0X* 5 X0 5 X — 1o X°[1] (1.2)

Since T<oX* belongs to = and 71 X*® belongs to C=Y, (1.2) proves that (C=0,C=?) is a
t-structure on DY(A), called the trivial t-structure. Notice that the heart H of (C=0,C=?)
is formed by the complexes in D’(.A) which have vanishing cohomology in all non-zero
degrees. It coincides with the essential image of the inclusion

A< DY(A).
Therefore, the heart of the trivial t-structure on D’(.A) is equivalent to .A.

Example 1.1.8. For later reference, we study in more details the properties of the trunca-
tion functor 7<( and introduce a second truncation functor o.
First notice that the inclusion

u: TS()X. — X*

yields isomorphisms in cohomology in all degrees i < 0, while T<oX* clearly has vanish-
ing cohomology in degrees i > 0. Therefore, H'(7) is an isomorphism for all i > 0 and
T>1X* has vanishing cohomology in degrees i < 0.

Define 0 (7<9X*) to be the subcomplex

o(t<oX®) = X' - X ... 5 X' 5 Imdy! =00,
which yields a triangle in D?(.A)
T (T20X®) 5 120X & HY(X*) — o(t=0X*)[1].

Then ¢(7<9X*) has vanishing cohomology in degrees i > 0, and cohomology isomorphic
to H'(X*) in degrees i < 0.

Proposition 1.1.9. Let (7, F) be a torsion pair on an abelian category .A. Define
D=0 = {X* € D'(A) | H(X) = 0 foralli > 0and H'(X) € T},
D20 .= {X € D'(A) | H(X) =0 foralli < —land H '(X) € ]—'}.
Then, the pair (D=°, D=0) is a t-structure on D’(A).

Proof. We need to check that the conditions (a), (b) and (c) in Definition 1.1.4 are satisfied.
Let
X € D=0

and
Y e D2l = {X’ € D'(A) | H'(X) =0 foralli < 0and H'(X) € f}

Suppose that there exists a nonzero morphism Homp(4)(X®, Y*). It is represented by a
pair of morphisms (f,s) in K?(A)

f “
/ s
X* \ Y®,
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where s is a quasi isomorphism. Since s is a quasi isomorphism, Z* belongs to D=! and
f is anonzero morphism in Homgs(4)(X*, Z*). Using the truncation functor 7<o, we find

the following commutative diagram in D?(.A), whose lines are triangles in D?(.A)

TooX® —s X Ty 1y X® —— T X*[1]

N

T<0Z* z* T>12° —— 1<0X*[1],

where the morphism / exists by the axioms of triangulated category. As observed in Ex-
ample 1.1.8, the complex 7>1X* has vanishing cohomology in degrees i < 0 and coho-
mology isomorphic to that of the complex X* in degrees i > 0. Since X* belongs to D=Y,
this proves that the complex 7>1X* is acyclic, hence it is zero in the derived category
DP(A). This proves that y is is an isomorphism in D?(.A) and therefore T< f is a nonzero
morphism in K?(A).

We now act a further truncation via the functor ¢ and get the following commutative
diagram

0(T<0X®) —— T<0X®* —— HY(X*) —— o (t<0X*)[1]

N

0(10Z°%) —— T<0Z® —2— HY(Z*) —— o(1<0Z*)[1].

Again, it follows by the isomorphisms observed in Example 1.1.8 that 0(7<9X*) is acyclic,
hence it is zero in DY(A) and therefore p is an isomorphism. By hypothesis H(X*) € T
and H(Z*) € F, so ' must be the zero morphism. Then 7o f must be zero, getting a
contradiction. So the axiom (a) of a ¢-structure is satisfied.

The property (b) is trivial.
We are left to prove property (c). Let X* € DY(A). Since (7, F) is a torsion pair, in .A
there is a short exact sequence
0— t(HO(X*)) & HO(X*) 5 H(X*)/t(H'(X*)) =0,

with t(H%(X*®)) € T and H°(X*)/t(H(X*®)) € F. Consider the following diagram of
short exact sequences in A

tHH"(X*))
H

0 — Imdy' — kerdy —— HO(X*) ——— 0

HO(X*)/t(H*(X*))




By pulling back y along the horizontal short exact sequence, we get the following com-
mutative diagram of short exact sequences

0 0
0 —— Imdy! i E t(H(X*)) ———— 0
H W p
0 —— Imdy! ——— kerd$ HY(X*) ———— 0
H(X*)/t(H(X*)) == H°(X*)/t(H’(X*))
0 0

We now use the morphism " to construct X’* € D=C. Decompose dy' as follows

X1 2 Imdy! — XO,

\_/

dx'
Let t;? = 1" p and X'* be the subcomplex of X* defined by
X'=Xfori<1l X°=E X'"=0fori>0
de, =dx fori < —1, d)},l :;Z}:l, diX/ =0fori>0.
Notice that H(X'*) = H!(X*) fori < 1. Indeed, the case i < —1 is trivial, and for the
case i = —1 it suffices to use the definition of d%l. Moreover,
HO(X"*) = E/Imdy! = E/Imp" = H(H(X*)) € T

and H'(X’*) = 0 for i > 0. This proves that X’* belongs to D=0.
Set X"* := X*/X'*. Then, the following is a triangle in D”(.A)

X' — X* — X" — X"*[1]. (1.3)

In order to conclude the proof, we need to show that X"* belongs to D=1, Tt follows from
the definition of X”* that H'(X"*) = 0 for i < 0. Moreover, the long exact cohomology
sequence obtained from (1.3) yields

0=H(X") = H(X"*) = t(H(X*)) — H*(X*) — H'(X"*) — H'(X"*) = 0.

This proves that H! (X"*) = H%(X*)/t(H°(X*)) belongs to .F, thus concluding the proof.
O

Corollary 1.1.10. Let A be an abelian category and (7, F) a torsion pair on .A. Then
(a) The full subcategory

B:= {X € D'(A) | H/(X®*) =0 foralli #£0,—1, H'(X*) € T, H (X"*) € f}

is an abelian category.



(b) Let X := F[1] and Y := T be full subcategories of B. Then (X, )) is a torsion pair
in B.

(c) Forall X,Y € B there are natural isomorphisms
Home(B) (X, Y[i’l]) ~ Home(A) (X, Y[n])
forn=0,1.

Proof. The statement (a) is just a consequence of Proposition 1.1.9 and Theorem 1.1.6.

We now prove (b). In particular, we need to check that the two axioms defining a
torsion pair a satisfied. Let X € X = F[l]and Y € Y = T. So there exists F € F such
that X = F[1]. Then

HOHIB(X, Y) = Home(A) (F[l],Y) = Home(A) (F,Y[—l]) = 0,

so the first condition is satisfied.

For the second part, notice first that every object in B is isomorphic to a two-term
complex. Indeed, let Z* € B. By definition of B we get that Hi(Z') = Qforalli >
0. Therefore, Z* is isomorphic to T<oZ* in DY(A). Let U*® be the subcomplex of T<nZ*
defined by

U'=2Zz'fori< -1, U '=1Imd;? U =0fori>0.
Then U* is an acyclic complex, hence it is zero in DY(.A). Therefore,
VANSE SVARSE SVAVI A
and Z* is a complex that is nonzero only in degrees —1 and 0.

In conclusion, in order to prove condition (b), we may assume without loss of gener-
ality that Z* is concentrated in degrees —1 and 0, i.e.

d71
Z*=..0572127050...,

with H~1(Z*) = kerd,' € F and H%(Z*) = cokerd,' € T. Then, the following diagram
represents the torsion exact sequence of Z*® in B

0 —— H1(Z*) 0 0
L
0 z-1 z Z0 0
0 0 H°(Z*) —— 0
This concludes the proof of (b).
The statement (c) is [BBD82, Remark 3.1.17]. O
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1.2 Properties of torsion pairs

Let (7,F) be a torsion pair in A. Following the notation of Corollary 1.1.10, we
denote the pair (B; (X,))) as ® (A; (T, F)). We say that ® (A; (T, F)) is obtained from
A by tilting with respect to the torsion pair (7, F).

Definition 1.2.1.

(a) The subcategory 7 is a tilting torsion class if T is a cogenerator in .A. Namely, for all
X € A there exists an object Tx € 7 with a monomorphism px: X — Tx.

(b) The subcategory F is a cotilting torsion free class if F is a generator in 4. Namely,
for all X € A there exists an object Fx € F with a epimorphism 7rx: Fx — X.

Proposition 1.2.2. The following properties hold.

(a) The torsion class 7 is tilting in A if and only if the torsion free class ) is cotilting in

B.

(b) The torsion free class F is cotilting in A if and only if the torsion class X is tilting
in 5.
Proof. We prove (a), the proof of (b) is dual.

Suppose first that 7 is a tilting torsion class in A and fix X* in B. We need to find an
object E € Y = T with an epimorphism E — X*® in B. As show in the proof Corollary
1.1.10, we may assume without loss of generality that X' = 0 for i # —1,0. By the
assumption that 7 is tilting, in A we find a monomorphism X 1 5 Ty, with Ty € T,
which may be completed to a short exact sequence

0-X'15Ty—=T —o0. (1.4)

Since 7T is closed under quotients, we have T; € 7. The short exact sequence (1.4) yields
a triangle in D?(A)

Xx'o1onlxn

The composition dy![1] o f is a morphism in Hom 4 (Th, X°[1]) = Extly(Ty, X9), so it
corresponds to an extension in A

0-X">E—T —0.

In D?(A) we get a commutative diagram of triangles

h (N SR SN XO[1]

| | 09
—1

X0ty xe v x-1pq) A xop),

where ¢ € Homps(4)(E, X*) exists by definition of triangulated category. We need to
show that E € Y an that g is an epimorphism in 5.
In A there is a commutative diagram with exact horizontal arrows

0 —— X1 To T 0
=l
0 X0 E Ty 0.
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We have cokerdy! = H%(X*) € T by hypothesis, Ime € T because T is closed under
quotients. Moreover, by commutativity of the previous diagram, cokere ~ cokerdy' €
T. Therefore, E is an extension of objects in 7, so it belongs to 7 = )Y by Proposition
1.1.3.

We are left to prove that g is an epimorphism in B. Let then Y* € B and h €
Homp(4)(X*,Y*) be such that hg = 0. Consider the torsion exact sequence of Y* in

’ 0= t(Y") Sy Boyesry) = o,
where t(Y*) € X and Y*/t(Y*) € ). By the commutativity of (1.5) we get
hu = hgu = 0.
Therefore, there exists h': X~ 1[1] — Y* such that & = h’v. Hence
Wfrm=h'vg=hg=0.

Since 7t is an epimorphism in B, this proves that #'f = 0. Moreover, since Y*/#(Y*) €
Y =T C A, we get that

Bl € Homps 4 (X~ '[1], Y*/£(Y*)) = Homps( 4y (X1, Y*/£(Y*)[-1]) = 0.
Therefore, there exists "/ : X 1[1] — t(Y*) such that i/ = ah”. Then
0="nf=an"f.

since & is a monomorphism in B, this proves that h” f = 0.
Applying the functor Hompy(4)(—,t(Y*)) to the triangle

To— T L X 1[1] — To[1],

we get an exact sequence

Hom s ) (To[1], £(Y*)) = Homps4) (X [1], H(Y*)) =% Hom(Ty, #(Y*)).

But Homp( 4y (To[1],£(Y*®)) = Hompe( 4 (To, t(Y*)[-1]) = 0, since Ty € ¥ = T and
t(Y*)[-1] € X[-1] = F. Therefore

— o f: Homps( 4y (X '[1],£(Y*)) — Hom(Ty, £(Y*)).

is injective. Since I’ f = 0, this proves that // = 0 and hence that & = 0. This proves that
g is an epimorphism. O

We now want to understand sufficient conditions for D?(B) and D?(.A) to be equiva-
lent. We want to construct a functor

G: DY(B) — DY(A)

and understand when it is an equivalence. Suppose that 7 is a tilting torsion class in A,
so that ) is cotilting torsion free in 5. We suppose moreover that the abelian category B
has enough projective objects.

Let Pg C B be the subcategory formed by the projective objects is B. Since B has
enough projectives, there is a triangle equivalence

K~*(Pg) = Db(B).

12



Since ) is cotilting and B has enough projectives, there is an inclusion
PsCY=TCA
Therefore, we get an inclusion functor
Kt (Pg) < K*(A).
On the other side, the natural functor K(A) — D?(.A) restricts to a functor
Q: K*(A) — Db(A)
Composing, we get the desired functor

G: D'(B) = K~ (Pg) — K(A) S DV(A).

Notice that G: D?(A) — D'(B) is defined as a composition of exact functors, hence it is
exact.

Dually, if instead of supposing B to have enough projectives we suppose A to have
enough injectives, we can construct a functor

F: D'(A) — DY(B).

Indeed, let Z4 C A be the subcategory form by the injective objects.Then, there is a
triangle equivalence

KT 4) = DP(A).

Since 7T is tilting and A has enough injectives, there is an inclusion
IoCT=YChB
Therefore, we get an inclusion functor
Kt (Z4) — KT(B).
On the other side, the natural functor K(B) — D?(B) restricts to a functor
Q: K**(B) — D¥(B)
Composing, we get the desired exact functor
F: DY(A) 5 K (T4) = KH(B) & DY(B).

Theorem 1.2.3. Let (7, F) be a torsion pair in the abelian category .A and suppose that
T is a tilting torsion class in A.

(a) If B has enough projectives, then the functor
G: D'(A) — D'(A)

is a triangle equivalence. Moreover, the restriction G|g coincides with the identity
functor idpg.
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(b) If A has enough injectives, then the functor
F: D*(B) — D%(B)

is a triangle equivalence. Moreover, the restriction F| 4 coincides with the identity
functor id 4.

Proof. We prove (a), the proof of (b) is analogous. By [BBD82, Remark 3.1.17] it suffices
to show that for all B, B’ € B the induced morphism

Gy: Homps ) (B, B'[n]) — Hompy(4(B, B'[n])

is bijective for all n € Z. Using [BBD82, Remark 3.1.17], we get that G, bijective forn > 1
and that the bijectivity of G, implies the injectivity of G, .

Proceeding by induction, it then suffices to show that G, is surjective for all n. Let
f € Homps(4)(B, B'[n]), represented by the diagram

X.
2N
B B'[n],

where ¢,s are morphisms in K’(A) and s is a quasi-isomorphism. Since 7T is tilting
torsion, it is a cogenerator in A. Then, by an argument analogous to the one present
in [Huy06, Prop 2.35], we may find a complex Y* € D'(A) with Y/ € T and a quasi-
isomorphism t: X* — Y*°.

Let f € Homyp, 4y be the morphism represented by the the following diagram

v
y & (1.6)
B B'[n

L

where ¢ = tp and s = ts. Since t is a quasi-isomorphism, f and fare actually the same
morphism in Hompy (4 (B, B'[n]).
But the diagram (1.6) represents also a morphism f’ € Hompy (4 (B, B'[n]). Clearly,

Gu(f') = f = f. Hence, G, is surjective and the proof is concluded. O

Notice that the triangle equivalence G : D’(B) — D'(A) is defined in such a way
that G(X) = F[1] and G(Y) = T.

A natural question following the construction of (B;(X,))) is what happens after
tilting again, with respect to the torsion pair (X', ). In particular, under the assumptions
that give the triangle equivalence G, it seem natural to expect that tilting B with respect
to (X,)) should give once again (A;(7,F)). The following theorem formalizes this
intuition.

Theorem 1.2.4. Suppose that either B has enough projectives or .4 has enough injec-
tives, so that the functor G (resp. F) is a triangle equivalence between D’ () and D?(A),
according to Theorem 1.2.3. Then G (resp. F) induces an equivalence of categories

D (B;(X,))) ~ (A;(T,F)).
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Proof. We suppose B to have enough projectives, the other case is analogous. Set
D (B; (X)) = (A; (T, F)),
so that
A = {X* € D'(B) | H'(X*) = 0 forall i #0,~1, H(X*) € X, H/(X*) € ¥},
T =Y[1], F =2x.

We want to show that

Glu: A" — A[1] C D*(A)

is an equivalence.
Let X’ € A’. Then, in D?(B) there is a triangle

u—X —v-—ul,
with U € T"and V € F'. Acting with the functor G, we get a triangle
G(U) = G(X') = G(V) — G(U)[1]. (1.7)
Notice that G(7") = G(Y[1]) = T[1] and G(F') = G(X) = F[1], so
H'(G(U)) = H(G(V)) =0foralli # —1.

Then, the long exact cohomology sequence obtained from (1.7) shows that G(X") belongs
to A[1].
Therefore,

Gla: A — A[1] C D(A)

is a well defined fully faithful functor. It was already observed that G(7") = G()[1]) =
T[1] and G(F') = G(X) = F[1], so to conclude that G| 4 is the desired equivalence it
suffices to show that it is essentially surjective.

Let X € A and consider its torsion exact sequence

0= HX) = X — X/HX) =0,
with t(X) € T and X/t(X) € F. It gives rise to a triangle in D?(.A)
HX)[1] = X[1] = X/HX)[1] = H(X)[2],

with ¢(X)[1] € T[1] and X/t(X)[1] € F[1]. Therefore, there exist U € Y[1] = T’ and
V € X = F' such that

G(U) = t(X)[1], G(V) = X/HX)[1].

By full faithfulness of G, there exists w’ € Hompy () (V, U[1]) such that G(w') = w. The
morphism w’ may be completed to a triangle in D? (1)

U— X —vY%unl. (1.8)

By looking at the long exact cohomology sequence of (1.8), we see that X’ belongs to .A’.
Applying the functor G to (1.8), we get the following commutative diagram

G(U) —— G(X') —— G(V) —— GU)[1]
H [ H H
HX)[1] —— X[1] —— X/HX)[1] —— ¢(X)[2].

15



Therefore, X[1] is isomorphic to G(X’) via the morphism k. This proves that
Gla: A — A[1] C DY(A)

is essentially surjective, thus concluding the proof.
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Chapter 2

Perverse coherent sheaves

2.1 Preliminaries

The content of this chapter is based on [Van04].

Let f: Y — X be a morphism between Noetherian equidimensional schemes. Sup-
pose that the following hypotheses are satisfied:

1. The morphism f is projective and birational.
2. There is a point p € X such that f~!(p) =: C is a curve contained in Y. Moreover
flyac: YNC = XN A{p}
is an isomorphism.
3. Rf.Oy = Ox.
Lemma 2.1.1. There is a natural isomorphism Rf,Lf* ~ id.

Proof. The projection formula [BBH09, §A.83] shows that if £ is a quasi-coherent sheaf of
Ox—modules, then there is a natural isomorphism

Rf.Oy ®o, € ~ Rf.(Oy ®p, Lf*E).

By using the hypothesis Rf.Oy = Ox, we get

€~ O0x®o, &€ ~ ROy ®p, E.
While on the other hand, clearly

Rf.(Oy ®o, Lf*E) ~ Rf(LFE).
So in conclusion, for a quasi-coherent sheaf &

& ~Rf,Lf*E,

proving the thesis. O

Lemma 2.1.2. For any coherent sheaf £ € coh(Y), we have

1. ka*é’ =0forallk > 2;
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2. R1f.€ is supported at p.

Proof. The first statement is just [Har13, §III, Corollary 11.2], using the fact that the fibers
of f have either dimension 0 or 1.

To prove the second statement, let x € X\ {p} and observe that, by [Har13, §III,
Proposition 8.1], we have

1 1 1/ -1 _ : 1
(RF.E) = lim H'(F(V), Elpaq) = | im  H(U, €]u).

To conclude, it is enough to take an affine neighborhood of the pointy = f~1(x). O
Corollary 2.1.3. For any coherent sheaf F € coh(X), we have R!f, f*F = 0.

Proof. Notice that Lf*F is concentrated in negative degrees. Indeed, the functor Lf*
maps D™ (coh(X)) to D~ (coh(Y)). By seeing f*F as a complex concentrated in degree
zero, there is a canonical morphism

Lf*F — f*F.

This morphism induces isomorphisms in cohomology in degrees > 0. Therefore, it fits
into an exact triangle

G—Lf"F = fF,
with G concentrated in degrees < —1. Applying derived pushforward, we get a triangle
Rf.G = Rf,Lf*F — Rf. f*F.

By Lemma 2.1.1, the middle term is actually isomorphic to 5, so as a complex it is con-
centrated in degree 0. Passing to the long exact sequence in cohomology, we obtain

0 — R, f*F — R*£.G — 0.
Consider the spectral sequence
E}T = RFf,HT(G) = RFI£,(G).
The left hand side vanishes fo p > 2 or g > 0, so Rf,G vanishes as well. Therefore
R'f.f*F =0,

proving the claim. O

2.2 Definition of perverse coherent sheaves

In the following, we are going to study two categories of perverse coherent sheaves
induced on Y by the morphism f.
Let C be defined as
C ={€ € coh(Y) | Rf.E = 0}.

The following lemma is [Bri02, Lemma 3.1].

Lemma 2.2.1. For F € D’(coh(Y)), one has Rf.F = 0 if and only if H/(F) € C for all i.
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We now define two torsion pairs on D?(coh(Y))

T_1={T € coh(Y

F_1 ={F € coh(Y

(Y) | R'fo(T) = 0, Hom(T,C) =0},
(
(
(

| f+(F) = 0},

| R'f.(T) =0},
| f«(F) =0, Hom(C, F) = 0}.

To ={T € coh(Y
Fo = {F € coh(Y

~— ~—  ~—

In order to show that (7_1, F_1) and (7o, Fo) are a torsion pairs, we first observe some
elementary properties.

Lemma 2.2.2. The following properties hold for p = 0, 1.
(a) T, is closed under quotients and under extensions.
(b) F, is closed under subobjects.

(©) TpNFp = {0}
(d) f*f+<E belongs to 7_; for all E € coh(Y).

Proof. Let T € T, and let T’ be a quotient object of T. By looking at the long exact
sequence obtained by derived pushforward from the short exact sequence

0-K—-T—>T —0

and using the fact that R2f,K = 0, we get that R'£.T’ = 0. This concludes the proof
that 7y is closed under quotients. For p = 1, suppose that there is a nonzero morphism
T" — E for some E € C. Then the composition

T—-T —E

yields a nonzero morphism in Hom(T, E). This is absurd, proving that T’ € 7_; and
hence that 7_; is closed under quotients.
Let us consider an extension

05Ty 5TET =0

with To, T € T,. We want to show that T € 7,. By looking at the long exact sequence of
derived pushforward, we get that R! f+«T = 0, immediately concluding the case p = 0.
Suppose then p = 1, consider a sheaf £ € C and let ¢ € Hom(T, &) be a morphism.
Composing with the inclusion i we get a morphism in Hom(Tj, £), which must be zero.
Therefore,

¢(Im i) = p(Ker ) = 0.

Since T; ~ T/ Ker r, the induced morphism
§: T/ Kerm — &

must be zero. This proves that ¢ is the zero morphism and hence that 7_; is closed under
extensions. This concludes the proof of (a).

Let F € F, and let F’ be a subsheaf of F. Since f, is left exact, f,F’ is a subsheaf of
f+«F = 0 so it must be zero, concluding the case p = 1. For p = 0, notice that a nonzero
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morphism E — F' for E € C would yield a nonzero morphism E — F. In conclusion,
both F_; and Fj are closed under subobjects, proving (b).

Let E € T, N F,. Then R f«E =0foralli > 0, so E belongs to C. But since E belongs
either to 7_; or to Fy as well, this implies that Hom(E, E) = 0 and hence that E = 0. This
proves (c).

We are left to prove (d). Using Corollary 2.1.3, we get that
R'f.(f*f.E) = 0.

Moreover, for £ € C we have

Hom(f* f+E,€) = Hom(fE, f.£) = Hom(f.E,0) = 0.
This proves that f*f.E belongs to 7_;. O
Proposition 2.2.3. The pairs (7_1, F_1), (7o, Fo) are torsion pairs on coh(Y).

Proof. Let us first prove that Hom(7,, ;) is zero. Let ¢: T — F be a morphism, with
T € Ty and F € F,. Then the image of ¢ is both a subobject of F and a quotient of T. So
Im ¢ € T, N F is zero and ¢ is the zero morphism.

Let E be a coherent sheaf on Y. We want to find a short exact sequence
0O—T—E—F—0

with T € 7, and F € F,. Since 7, is closed under extensions (and in particular under
finite direct sums), then E contains a maximal subsheaf T in 7,. Notice that by maximality
of T we have Hom(7,,E/T) = 0. Indeed, if ¢: T" — E/T is a nonzero morphism,
then the image of ¢ is a nontrivial subsheaf of E/T that belongs to 7,, contradicting the
maximality of T.

In order to conclude, it is enough to show that F := E/T belongs to ;. By property (d)
of Lemma 2.2.2, f*f.F € T_1. Then

Hom( f.F, f.F) = Hom(f" f.F,F) = 0.

This proves that f.F = 0 and concludes the case p = —1. To conclude the case p = 0, we
need also to prove that Hom(C, F) = 0. But in this case C C 7Ty and we already noticed
that Hom(7p, F) = 0. O

These torsion pairs induces the following t-structures on D?(coh(Y)).
D"(coh(Y))=%" = {E € D"(coh(Y)) | H'(E) = 0 fori > 0 and H(E) € 7,},
D¥(coh(Y))=%" = {E € D"(coh(Y)) | H/(E) = 0fori < —1and H'(E) € F,}.
The heart of the t-structure is
Per?(Y/X) = {E € D’(coh(Y)) | H'(E) =0 fori #0, -1,
H '(E) € F,, H'(E) € T,},

forp =0,1.

Since Per”(Y/X) is the heart of a t-structure on D’(coh(Y)), we know that it is an
abelian category.
Notice that the sheaves in F}, have low-dimensional support.
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Lemma 2.2.4. If F € coh(Y) belongs ), then F is supported on the curve C, so in partic-
ulardim F < 1.

Proof. Since f is an isomorphism outside of C, we have
(feF)x = Fr1(y)
forall x € X\ {p}. By hypothesis (f.F), = 0 for all x € X. So in conclusion
F,=0

forally € Y\ C. Therefore, the support of F is contained in C and has dimension at most
one. ]

Lemma 2.2.5. The structure sheaf Oy belongs to 7_1. As a consequence, any coherent
sheaf on Y generated by global sections is in 7_;.

Proof. Since Rf,.Oy = Oy,
0y =R°£,0y =HY(Ox) = Ox and R'f.0y =H (Ox)=0fori> 0.

This proves that R' .0y = 0 and that f*f.Oy = f*Ox = Oy. Therefore, for £ € C we
have

Hom(Oy, £) = Hom(f* f.Oy, £) = Hom(f.Oy, f.£) = Hom(f.Oy,0) =0,

proving that Oy € 7_;.
Since 7_1 is closed under extensions, clearly Oy € T_4 for all c. If E is a globally gener-
ated sheaf, it is a quotient of O?C for some ¢, therefore E € T_1. O

Remark 2.2.6. It follows straightforwardly that the previous statements hold true for 7y
as well.

We now aim to understand better the structure of Per”(Y/X), in particular studying
the projective objects. In order to do this, it is necessary to give a different equivalent
condition for a coherent sheaf to lie in 7_4 or in Fy.

Lemma 2.2.7. Let £ € coh(Y) and consider the natural morphism f*f.£ — &, induced
by the adjunction f* - f.. Let & C & be image subsheaf. Then R!f.&; = 0.

Proof. Under the above assumptions, let  := f.£. Then, we have a short exact sequence
0—>K— f"F—=&—0.

By taking the long exact sequence obtained by derived pushforward, we get the exact
sequence
R'f.K = RYf, f*F — R f.& — 0.

By Corollary 2.1.3 the middle term vanishes, thus proving R! f.& = 0. O

Lemma 2.2.8. Let T € coh(Y) and consider the natural morphism f*f.T — T, induced
by the adjunction f* - f.. Let Ty C T be image subsheaf. If R'f.T = 0, then T/T,
belongs to C.
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Proof. We need to show that R'f,(T/Ty) = 0 for all i > 0. The only non trivial cases are
i=0,1.
For the case i = 1, consider the short exact sequence of sheaves

0—->Ty—T—T/Ty — 0.

The long exact sequence obtained by taking derived pushforward of f gives the exact
sequence
R (T) — R (T/To) — R £ (Tp).

But R!£,(T) = 0 by hypothesis and R?f,(Ty) = 0, therefore R! f.(T/Ty) = 0.

For the case i = 0, we have to show that f.(T/Ty) = 0. Suppose then that f.(T/Ty) #
0. Observe that this implies that the morphism f*f,(T/Ty) — T/Tp is not the zero map.
Indeed, acting via f, we get a morphism f, f*f.(T/To) — f«(T/Tp). Butby Lemma2.1.1,
we see that

fof f(T/To) = RUL(f*fo(T/ To)) = ROLLYF(fu(T/To)) = fu T/ To).

Moreover, by naturality, the induced morphism f.(T/Ty) — f.(T/Typ) must be the
identity map. Since we supposed f.(T/Tp) # 0, the identity map is not the zero map. In
conclusion, by acting via f. and composing with an isomorphism we obtained a nonzero
morphism, so the considered morphism f* f. (T/To) — T/ Ty is not zero.

By the previous Lemma 2.2.7, R!f,(T) = 0. This implies that f.(T) — £.(T/T) is
surjective. So acting via pullback we get that f*f.(T) — f*f.(T/Tp) is surjective. Take
now the composition

®: ff(T) = ff(T/Ty) = T/ To.

Since the first map is surjective and the second is nonzero, ® is nonzero. On the other
hand, by naturality of the adjunction f* - f,, ® can be obtained also as

ff(T) > T—=T/Ty,

which is zero by construction. This is absurd, proving f.(T/Tp) = 0 and hence the
thesis. O

This lemma allows to characterize the objects in 7_;.

Proposition 2.2.9. Let T be a coherent sheaf on Y. Then T belongs to 7_; if and only if
the natural morphism f*f.T — T is surjective.

Proof. Suppose T € T_1 and let Ty C T be the image of the morphism. Since R'f,. T = 0,
we can apply the previous lemma and get that T/Tj € C.
But then the projection morphism

T—T/To

must be zero. So T = Ty, i.e. the morphism f*f.T — T is surjective.

Suppose now that the morphism is surjective. We prove that T satisfies the two con-
ditions required in order for a coherent sheaf to be in 7_;.
As in the previous lemma, consider the short exact sequence

0O—->K—=ffiT—>T—=0
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and take the associated long exact sequence via derived pushforward. As before,
R'f.(f*f.T) = 0 by Corollary 2.1.3 and R?*f.K = 0, giving R £, T = 0 as required.

Let now & be in C, we show that Hom(T, £) = 0. Applying the functor Hom(_, £) to the
same short exact sequence considered earlier, we get the exact sequence

0 — Hom(T, &) — Hom(f* £ T,E).

Notice that Hom(f*f.T, ) = Hom(f.T, f.£) is zero, since f.€ = 0. So, Hom(T,£) =0
as required. O

Although not needed in what follows, it’s worth mentioning that there is a dual state-
ment to Lemma 2.2.9, characterizing the objects in Fy.
If E is a coherent sheaf on Y, the composition

E— fREE = f((RUfE)[-1])
yields a canonical morphism
¢r: E— H Y(f'RIfE).

Lemma 2.2.10 ([Van04, Lemma 3.1.5]). Let F be a coherent sheaf on Y. Then F belongs to
Jo if and only if the canonical morphism ¢r is injective.

2.3 Affine base

We now study the case where the base X = SpecR is affine. Under this additional
hypothesis, we can give an explicit description of the sheaf f*f.T and of the canonical
morphism f*f.T — T.

Notice that f.Oy = Ox yields

H(Y,Oy) = H'(X, f.Oy) = H*(X, Ox) = R.

Lemma 2.3.1. There is an isomorphism f*f.T ~ H%(Y, T) @g Oy, where H’(Y, T) is seen
as a constant sheaf on Y. Under this isomorphism, the natural morphism f*f.T — T
induces the natural morphism H°(Y, T) ®g Oy — T.

Proof. Since X is affine and f. T is quasi-coherent on X

£.T = HY(X, f.T) = HO(Y, T).

Now, we use [Liu02, §5.1, Proposition 1.14(b)] in order to compute the sections of f*f.T
on an affine open U C Y:

fHUATU) = £T(X) @r Oy(U).

Therefore
fATU) = HO(Y, T) ®r Oy(U).

This proves the required isomorphism. The second statement follows by naturality. [

Combining Lemma 2.3.1 with Proposition 2.2.9, we get a further characterization of
T_1 in this case.

Lemma 2.3.2. If X = Spec R is affine, then a coherent sheaf T € coh(Y) belongs to 7_; if
and only if it is generated by global sections.
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The following property will prove useful in the following computations.

Lemma 2.3.3. Let f: Y — X be a projective morphism between Noetherian schemes with
fibers of dimension at most n. Suppose that X is affine. If A/ is a coherent sheaf on Y,
then Hi(Y,/\/' ) = 0 for all i > n. Similarly, if M, £ are coherent sheaves on Y, with M
locally free, then Ext?(/\/l, E)=0foralli> n.

Proof. Tt suffices to prove the first statement, since Exty, (M, €) = H' (Y, M" ®¢, £). We
use the Leray spectral sequence

EY" = HP(X,R1fN) = HPYI(Y, N). (2.1)

Notice that, since X is affine, H? (X, R7f,N') = 0 for all p > 0. Moreover, R7f, N vanishes
for g > n. Hence, E}"" = 0 for all p > 0 or g > n, proving the claim. O

Remark 2.3.4. In the case under study, we get H (Y, N') = 0 for all i > 1. Moreover, if
RN =0, eg. if N € T,, using Formula (2.1) we get that H' (Y, /) vanishes too. In
particular, H' (Y, Oy) = 0.

Definition 2.3.5. Let U be the category of vector bundles M on Y (i.e., locally free
sheaves) that are generated by global sections and such that H'(Y, M") = 0; and let
PY = {M" | M e T}

Remark 2.3.6. The category U is closed under direct sums and direct summands.

Notice that, by the Lemma 2.3.2, the objects of U belong to 7_1 as well. So they are (as
complexes concentrated in degree zero) also objects in Per ! (Y /X). Similarly, the Leray
spectral sequence (2.1) shows that the objects in 0¥ belong to 75 and hence to Per’(Y/ X).

In the next proposition, we will compute Ext,(M,E) for M € % and E €
Per (Y /X). As usually, by Ext}, (M, E) we mean

Exty (M, E) = H' (R Homy (M, E)) = Homps (conyy) (M, E[i]).

This does not a priori coincide with Ext computed in the abelian category Per ! (Y/X),
but what we will prove is that the vanishing of the former implies the vanishing of the
latter.

Proposition 2.3.7. If M € 9, then for all E € Per '(Y/X) and for all i > 0 we have
Ext} (M, E) = 0. Therefore, M is a projective object in Per ! (Y /X).

Proof. Since Per !(Y/X) is obtained as the heart of the t-structure induced by the torsion
pair (7_1, F_1), every E € Per (Y /X) lies in a triangle

H Y(E)[1] = E — HY(E),

withH }(E) € 7_; and H°(E) € T_4.
Therefore, by taking the long exact Ext sequence, it suffices to show that

Exty(M,F[1]) =0 and Ext,(M,T) =0

foralli >0andforall Fe F_1and T € T_;.
Notice that ' '
Ext) (M, F[1]) = Ext{'1(M, F).

24



Conclude using Lemma 2.3.3 that Ext}, (M, F[1]) = 0 for i > 0.
By Lemma 2.3.2, T is generated by global sections. So there is a surjective morphism

O?l — T.

The long exact Ext sequence obtained by 0 — K — O?l — T — 0 gives the exact

sequence
Ext} (M, OY") — Ext} (M, T) — Ext; (M, K).

Notice that
Exty (M, OF") = H'(Y, MY @ OF') = H'(Y, (M")®') = H' (Y, M")¥ =0,

and Exty(M,K) = 0 by Lemma 2.3.3, proving that Exty (M, T) = 0. The vanishing of
Exty (M, T) for i > 1 follows again from Lemma 2.3.3, thus proving the first statement.

We now prove that the functor Homp,,-1(yy, (M, —) is exact, i.e. M is projective in
Per }(Y/X).
First, notice that by definition of Per ! (Y/X) we have

Homp,, 1y /x) (M, N) = Hompi(con(yy) (M, N) = Ext) (M, N) (2.2)

for any object N € Per ' (Y /X).
Now, consider a short exact sequence

O—E—-F—-G—0

in Per (Y /X). It corresponds to a distinguished triangle

E—F— G — E[1]

in D?(coh(Y)). Therefore, by applying R Homy (M, —) and taking cohomology, we get
the long exact sequence

Ext' (M, E) — Ext'(M, F) — Ext' (M, G) — Ext"}(M, E).

By the first statement of this proposition, Ext},(M,N) = 0 fori > 0 and any N €
Per!(Y/X). So actually the above sequence reduces to the short exact sequence

0 — Ext3(M,E) — Ext3(M, F) — Ext3(M,G) — 0.

Then the observation (2.2) proves that I—Iomper_l(y /X) (M, —) is an exact functor, i.e. M
is a projective object in Per (Y /X). O
An analogous statement holds true for Per®(Y/X).

Proposition 2.3.8. If V' € U, then for all E € Per’(Y/X) and for all i > 0 we have
Exty (N, E) = 0. Therefore, \ is a projective object in Per’(Y/X).

Proof. As in Proposition 2.3.7, it suffices to show that
Exti,(NV,F[1]) =0 and Ext,(N,T) =0

foralli >0and forallF € Foand T € 7.
By Lemma 2.3.3, ' »
Ext) (N, F[1]) = Ext,” (N, F) =0
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foralli > 0and ‘
Exty (N, T) =0

for all i > 1. It remains to show the vanishing of Ext%/ (N,T) = H' (Y, NV ®o, T). Since
N = MY for M € U and M is a vector bundle, there is a canonical isomorphism
NV = M. By definition of U, M is generated by global sections, so there is a surjective
morphism

O — M.

Tensoring with T we get an exact sequence
0—=K—=TY 5 M®e, T 0.
As observed in Remark 2.3.4, both H(Y, T) and H?(Y, K) vanish, therefore
Exty (N, T) = H(Y, M ®p, T) = 0.

The conclusion that A\ is a projective object in Per’(Y /X) follows by an analogous argu-
ment as the one used in Proposition 2.3.7. O

Remark 2.3.9. The previous argument in Proposition 2.3.7 actually proved a stronger
result. Indeed, we proved that, for M € % and E € Per }(Y/X),

Homp,, 1y, x) (M, E) = H(RHomy (M, E)).

and that ‘
H'(RHomy (M, E)) =0fori # 0.

Therefore, R Homy (M, E) = H°(R Homy (M, E)) as objects in D?(R). In conclusion, we
obtained
Homp,, 1y /%) (M, E) = RHomy (M, E)

in D’(R). Similarly, we get that for A" € 0" and E € Per’(Y/X),
HomPerU(Y/X) (N' E) = RHomY(N/ E)
in D’(R).

Remark 2.3.10. The structure sheaf Oy is by definition generated by global sections.
Moreover, Oy = Oy, therefore the Remark 2.3.4 implies that H Ly, 0y) = 0. This proves
that Oy belongs both to U and to UV, hence by Propositions 2.3.7 and 2.3.8 it is both a
projective object in Per (Y /X) and in Per’(Y/ X).

We want to characterize the projective generators in Per” (Y / X). First, we recall some
equivalent definitions of projective generators and their main properties.

Definition 2.3.11. Let C be an abelian category and let P € C be a projective object. We
say that P is a projective generator if it satisfies one of the following equivalent conditions.

(@) If M € C is such that Hom(P, M) = 0, then E = 0.
(b) Every object M € C admits an epimorphism P! — M.

(c) If f € Hom(M, N) is a nonzero morphism, then there exists ¢ € Hom(P, M) such
that fog # 0.
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Proposition 2.3.12 ([Wil65, Theorem 2.3]). Let C be an abelian category. The following
properties are equivalent for an object P € C.

(i) P is a projective generator.

(ii) For all objects M € C, there is an equality M = Y. f(P).
feHom(P,M)

(iii) If Q € C is a projective object, then there exists another object Q' € C (which must
then be projective) such that

Qe Q' ~PP.
I

Remark 2.3.13. The case we are interested in is C = Per”(Y/X). In particular, we are
working in the derived category of coherent sheaves on a Noetherian scheme. In this
setting, the index set I can be taken to be finite, both in Definition 2.3.11(b) and in Propo-
sition 2.3.12(iii).

Lemma 2.3.14. Let f: Y — X be a projective morphism between Noetherian schemes
with fibers of dimension at most 1, suppose that X is affine. Fix an ample line bundle £
onYanda € Z.

If M € D?(coh(Y)) is such that Ext},(£+/, M) = 0 for all i and for 0 < j < n, then
M =0.

Proof. Assume without loss of generality that @ = —n. The ample line bundle £ defines
amap Y — PY. Use the Koszul complex of a polynomial ring in N + 1 variables to
construct the following exact sequence of vector bundles on P¥

0= Opy(~-N-1) = --- = (’)w(—u)(Nil) — - = Opy — 0.
Taking the inverse image on Y, we get an exact sequence

0= LN oo (L) 55 0y 0.

N+1

Then, by taking the kernel at (£"~1)®(11), we get the exact sequence
0= K— (£ )20 & ..o (£7HENH 5 0y 0,

which represents an element of Ext:" (Oy, K). But Exti"(Oy,K) = 0 by Lemma 2.3.3,
so the extension is trivial.

On the other hand, Exty" (Oy, K) = Homps (con(y)) (O, K[n +1]) = Ext}(Oy, K[n]), so
the above trivial extension can be seen as a direct sum in the derived category. This
proves that Oy is a direct summand in D?(coh(Y)) of the complex

(Efnfl)S(l,ﬁll) N (‘C*l)@N+1‘

Dualizing and tensoring with £~"~P~!, we get that £L~""7~! is a direct summand of

N+1)

L2, = (LTP)ENT o (7)),

Therefore, for an object U, € D’(coh(Y)), there is an isomorphism

L, ~ LT U, (2.3)

We use this isomorphism to prove by induction on p that the following properties hold
forall p > 0:
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(a) Extl,(L/,M) =0forall0>j> —n—p,
(b) Exty (L, M) =0forall p > 0.

We study first the case p = 0. Property (a) holds by hypothesis. For property (b), we
use the spectral sequence

EP = Ext}, ((£3), M) = Ext} (L], M).
Indeed, Ext},((£§)/, M) = 0 for all i, j by hypothesis, so the second property is proven.
Suppose now p > 0. Using the isomorphism (2.3), we get

Exty(L*,, M) ~ Exty (L7771, M) & Exty (U, M).

But Ext@(ﬁ’,p, M) vanishes by inductive hypothesis, thus proving Ext}, (£L~""7~1, M) =
0. Joined with the inductive hypothesis, this proves property (a).

For property (b), we use once again the spectral sequence
EPT = Exty (£, 1), M) = Exty (L*, 1, M),

where Ext},((£* _,)/, M) vanishes by (a).

p—

In conclusion, we proved Ext.(£/, M) = 0 for all i and for all j < 0. Applying this
with i = 0 and using the fact that £ is ample, [Har13, §II, Corollary 5.18] implies that
M=0.

O

Proposition 2.3.15. There exists a vector bundle P € 2 which is a projective generator in
Per (Y /X) and whose dual P" is a projective generator in Per’(Y/X).

Proof. let £ be an ample line bundle on Y generated by global sections and let r — 1 be
the rank of H!(Y, L") over R. We have the following isomorphisms

Hl(Y, ‘C\/)@rfl ~ Ext%/(ﬁ, Oy)@r—l ~ Ext{/(ﬁ, O?Fl),
Therefore, a set of r — 1 generators of H'(Y, L") gives rise to an extension
007 2P L0 (2.4)

Notice that Py is a vector bundle, as it is an extension of vector bundles. Observe that P,
belongs to U, as we shall show now.

¢ By dualizing (2.4) and then taking the long exact sequence in cohomology, we get
H(Y,O0y)® ! = HY(Y,L£Y) — HY\(Y,Py) — 0.
In addition, there is an R-modules isomorphism H°(Y, Oy)®~! ~ R"~L. The first
map is then obtained by mapping the canonical generators of R"~! to the fixed

generators of H (Y, £V). In particular it is surjective, thus implying H! (Y, Py’) = 0.
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¢ By taking the long exact sequence in cohomology obtained from (2.4) and tensoring
with Oy, we get

HO(Y, Oy)®r_l ®Rr Oy — HO(Y, Po) ®Rr Oy — HO(Y, ,C) ®r Oy — 0.
Consider the following commutative diagram with exact rows

HO(Y, Oy)ear*l Qr Oy —— HO(Y,P()) QRr Oy —— HO(Y,£> QrROy —— 0

| | |

0 ——— OF1 Po c 0

Since Oy and L are both globally generated, the first and last columns are actually
surjective. Therefore
HO(Y, Po) @r Oy — Py

is surjective, i.e. Py is generated by global sections. This proves that Py € U.

Put P = Py @ Oy. Then P € U and hence by Lemma 2.3.7 P is a projective object in
Per }(Y/X).

We are left to show that P is a generator. Let E € Per '(Y/X) be such that
Ext\,(P,E) = 0 for all i. Then in particular Ext\,(Oy,E) = 0 and Ext},(£,E) = 0 for
all i. Then the conclusion that P is a generator follows from Lemma 2.3.14. The proof for
PV is analogous. O

Remark 2.3.16. Since determinant is multiplicative along short exact sequences, the vec-
tor bundle P constructed in Proposition 2.3.15 has the property

det(P) = det(Py) = L.
In particular, det(P) is ample.

Proposition 2.3.17. The projective objects in Per ' (Y /X) are exactly the objects in 0. The
projective objects in Per’(Y /X) are exactly the objects in 0.

Proof. We study the case of Per !(Y/X). By Proposition 2.3.7, the objects in 2 are pro-
jective. Moreover, Proposition 2.3.15 shows that 2 contains a projective generator. But U
is closed under direct sums and direct summands, so Proposition 2.3.12(iii) shows that
contains every projective object. The proof for Per’(Y /X) is the same. O

We are finally ready to characterize the projective generators in Per? (Y /X).
If M is a vector bundle of rank r on Y, we denote \" M by det(M).

Proposition 2.3.18. The projective generators in Per ! (Y/ X) are the vector bundles M €
0 such that det(M) is an ample line bundle and such that Oy is a direct summand of
some M®?, The projective generators in Per’(Y/X) are the vector bundles N' = MY €
UV such that M is a projective generator in Per ! (Y/X).

Proof. Let M be a projective generator in Per (Y /X). The fact that Oy is a direct sum-
mand of M®* is clear. Indeed, Oy is a projective object in Per (Y /X), so this is just
Proposition 2.3.12(iii). We then have to prove that det(M) is ample.

Let P be projective generator constructed in Proposition 2.3.15. Using again Proposi-
tion 2.3.12(iii), we find that
M =P P,
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with b € IN. Then
det(M)®? = det(P) ® det(P’).

Notice that det(P) is ample by construction and det(P’) is generated by global sections
since P’ € . Then by [Har13, §II, Exercise 7.5.] det(M)® is ample and hence by [Har13,
811, Proposition 7.5.] det(M) is also ample.

Suppose now that M € U is as stated. Since M € U, we know that it is projective.
We prove that it is a generator. Let E € Per ! (Y/X) be such that Hompy (con(y)) (M, E) =
Homy (M, E) = 0. Then

Extg,(./\/l,E) =0foralli >0,

since the case i > 0 follows from the fact that M € % and E € Per (Y /X).

Using the spectral sequence
EY? = Extl (M, H(E)) = Ext} (M, E)

we get that ' ‘
Ext}, (M, H/(E)) = 0 for all i, .

On the other hand, if H/(E) = 0 for all j, then E = 0 in Per *(Y/X). In conclusion, it
suffices to show that if E € coh(Y) is a coherent sheaf such that Ext}, (M, E) = 0 for all i,
then E = 0.

Suppose then that E € coh(Y). Considering E as an R-module and using Nakayama’s
Lemma, it suffices to prove that E/9E = 0 for all maximal ideals 9t C R. Indeed,

E/ME ~ E/(f*(Z;) ®o, E) ~ E®o, f*Ox

for any closed point x € X associated to 9. If the restriction of E to each closed fiber of f
is zero, then E must be zero.

First notice that, since ME C E, we have Homy (M, ME) = 0. Moreover, by Noethe-
rianity of R, we can find a short exact sequence

0— K — EY — ME — 0,
which yields the long exact sequence
0 = ExtL (M, E®¢) — Ext} (M, ME) — Ext?(M,K) =0
This proves that Ext%/(./\/l, IE) = 0. Then, by Lemma 2.3.3, we conclude that
Extl,(M,9ME) =0 foralli> 0.
By looking at the long exact Ext sequence obtained from
0—9ME—E—E/ME—0

we can conclude that
Exty (M,E/OME) =0 foralli> 0.

Let x € X be the point whose defining ideal is )t and let C C Y be fiber over x. Then we
have the cartesian square
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c sy

e j |s

x — X.
Notice that E/9ME = i.(E|c) = i.i*E. Then
Exty, (M, E/OME) = Ext}, (M, i,i*E) = Ext-(i* M, i*E) = Ext-(M /MM, E/ME).

Therefore, it suffices to show that E|c = 0 if Ext-(M|c, E|c) = 0 for all i. In conclusion,
we are left to prove that if X is the spectrum of a field and E is a coherent sheaf on Y such
that Ext}, (M, E) = 0 for all i, then E = 0.

By Lemma 2.5.12, we have the short exact sequence

00y = M— L0,

where £ = det(M) is an ample line bundle generated by global sections. Since Oy is a
direct summand of M®?, the hypothesis Ext} (M, E) = 0 implies Exty (Oy, E) = 0 for all
i and therefore Ext) (£, E) = 0 for all i. Then we conclude E = 0 by applying Lemma
2.3.14.

The case of Per’(Y/X) is similar. O

We now come to the main result of this section. We establish the existence of a derived
equivalence

D’(coh(Y)) — D(A), (2.5)

where A is a k-algebra. The equivalence (2.5) is constructed to be t-exact, if D?(coh(Y)) is
endowed with the perverse t-structure and D?(A) with the standard t-structure. There-
fore, it restricts to an equivalence

Per?(Y/X) — mod(A)

between the hearts of the respective t-structures.

In particular, we need to construct two t-exact functors between the derived cate-
gories and to prove that they are equivalences. For the latter, we use the following general
statement, which can be found in [Bas68, §I1, Theorem 1.3].

Proposition 2.3.19. Let R be a Noetherian commutative ring and let C be an R-linear
category such that Hom¢ (A, B) is a finitely generated R-module for all A, B € C.

Let P € C be a projective generator and let A be the R-algebra A := End¢(P). Then
the functors

Hom¢(P,—): C — mod(A),
—®4P: mod(A) — C

define inverse equivalences, where mod(A) is the category of right finitely generated
A-modules.

Theorem 2.3.20. Assume that P is a projective generator in Per”(Y/X) and let A =
Endy (P). In order to distinguish the R-module structure and the A-module structure on
P, we denote the latter by 4P. Then the functors

R Homy (4P, —): D’(coh(Y)) — D"(A),

L
— ®4 4P: DY(A) — Db(coh(Y))
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define inverse equivalences of triangulated categories. These equivalences map the per-
verse t-structure of D(coh(Y)) to the canonical t-structure of D’(A). Therefore, they
restrict to equivalences between Per” (Y/X) and mod(A).

Proof. We prove the second statement and derive the first by induction over triangles, as
in Lemma 2.3.21 below. Thus, we need to prove both that the functors map Per? (Y /X)
to mod(A) and vice versa and that the restrictions to these subcategories are actually the
functors appearing in Proposition 2.3.19, hence they are equivalences.

Notice that the functors R Homy (4P, —) and R Homy (z P, —) are both computed by
choosing an injective resolution in D’(coh(Y)). Therefore, R Homy (3P, —) can be ob-
tained by composing R Homy (,P, —) with the forgetful functor D’(A) — D!(R). In
conclusion, we can denote both of them simply by R Homy (P, —).

It was already observed in Remark 2.3.9 that
Homper(y/x)(P, —) = RHomy (P, =) perr (v x)-

Actually, we observed this as an equality in D”(R), but as noted above it is also an equal-
ity in DY(A). Therefore, the statement regarding the first functor is proven.

L
Next we study the restriction of the functor — ®4 4P to mod(A). Let M be a finitely
generated A-module. To compute the derived tensor product, we can use a free resolu-
tion F*® of M consisting of finite rank modules. Then

L
M@A AP:F.®AA7D. (26)

On the other hand, considering P as an object in the perverse category Per? (Y /X), we
can study the functors defined in Proposition 2.3.19. In order to keep in mind this dis-
tinction, denote the tensor product functor on Per? (Y /X) as

—P ®4 4P: mod(A) — Per?(Y/X).

Following this notation, we can compute cohomology in the perverse category and in
particular use the same free resolution to compute perverse Tor as

”TorZA(M,P) = pH*i(F'p ®a AP).

By Proposition 2.3.19, the functor —F ® 4 4P is exact, thus implying that pTorl-A (M,P)=0
for i > 0. But since F* is a complex of free modules, it is clear that

F. ®AAP:F.p®AAP. (27)
Joining the relations (2.6) and (2.7), we deduce that
L [ ]
M®AAP:F p®AA7).
But since —¥ ® 4 P is exact and does not need to be derived, actually
L
M ®A AP - Mp ®A AP-

L
This proves that — ®4 4P restricted to mod(A) coincides with —* ® 4 4P. Therefore it
defines an equivalence between mod(A) and Per? (Y /X), as required. O
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Lemma 2.3.21. Let C,D be triangulated categories endowed with t-structures
(D=0, D=0), (C=°,C=Y). Denote the truncation functors by 7¢, 7P and the hearts by
HE,HP.

Suppose that for all objects X € C and Y € D there exist a,b € IN (depending on the
chosen objects) such that X € DI*! and Y € Cl*tl.

If F: D — C is an exact functor mapping HP” to HC such that F|,p: HP — HC is an
equivalence, then F is an equivalence.

Proof. We prove by induction on 1 = b — a that F| . : DI*?) — Cl*!] is an equivalence.
Since D00 = HP and €00 = HC, the first step of the induction is trivial.
For the inductive step, let X € D*l and consider the triangle

2, X = X = 15,X.
Applying 12, we get
B D_D D DD
Tgbrgble — TSbX — Tgbrsz.
Observe that

. TSDngb—lx = TSDble belongs to D/**~1. Therefore, the inductive hypothesis ap-
plies.

o 15,78, X belongs to Dl = HP[p)].
Since Tng = X, this proves that F| ) is an equivalence. O

We mention a final result that holds in the affine case, which will apply to the case
studied in Section 2.5 and which will prove useful in Section 2.6.

Lemma 2.3.22 ([Van04, Lemma 3.2.9]). Suppose that the ring R is finitely generated over
a field, or that it is a complete local ring containing a copy of its residue field. Suppose
moreover that X and Y are Gorenstein of pure dimension n. If M is a vector bundle on
Y, then for any maximal ideal 9 in R we have depthy, r(Y, M) > n—1. If in addition
HY(Y, M) = H (Y, M") =0, then T (Y, M) is a Cohen-Macaulay R-module.

2.4 General base

We come to the main result of the chapter, that is a global version of the derived
equivalence proved in Theorem 2.3.20.

We go back to the general hypothesis specified at the beginning of the chapter, so X
will be a Noetherian equidimensional scheme. In this setting, the role of the projective
generators is replaced by a local analogous.

Definition 2.4.1. An object P € Per?(Y/X) is called a local projective generator if X admits
an open covering X = U;X; such that

* X;is affine open;
* Pl (x,) is a projective generator in Per” (f~1(X;)/X;) for all i.

The following theorem is an immediate consequence of Theorem 2.3.20, proven by
restriction to the affine opens X;.
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Theorem 2.4.2. Assume that P is a local projective generator in Per” (Y /X) and let A :=
f«Endy (P). Then the functors

Rf.RHomy (P, —): D’(coh(Y)) — D¥(coh(A)),
FU(=) & 14 P DY(coh(A)) — D(coh(Y))

define inverse equivalences of triangulated categories. These equivalences restrict to
equivalences between Per? (Y /X) and coh(.A).

The last result needed to apply Theorem 2.4.2 is the existence of a local projective
generator. This can be proven under slightly stronger hypothesis.

Proposition 2.4.3. Assume that X is quasi-projective over a Noetherian ring S. Then
there exists a local projective generator P for Per !(Y/X), such that the dual PV is a
local projective generator for Per® (Y/X).

Proof. Let X be a projective S-scheme containing X as an open subset. The morphism f
factors as Y — PY¥ — X. Define Y as the closure of Y under the embedding Y < P} —
IPY and the morphism f: ¥ — X as Y < PY — X. We first construct a local projective

generator in Per ! (Y/X).

Let £ be an f-ample line bundle on Y generated by global sections. Let 4,b € IN be
big enough such that, setting & = Og(—a)®?, we have that

* there is a surjective morphism ¢: £ — R, (£71),
o Exty(E, fiL7') =0foralli > 0.
Observe that
Exty (L, f*(€Y)) = Bxty(f*E, L") = Ext} (E, RAL7Y).
Consider the Leray spectral sequence
E}? = Extl (§,RTf.L71) = H"1(RHomg (€, RA.L7TY)).
The assumption Ext (€, f.£L~1) = 0 for i > 0 yields
Ext; (&, Rf.L7!) = HY(RHomg (&, Rf.L7Y)) = Homg (&, R'A.L7H).
Therefore, the morphism ¢ gives an extension of sheaves on Y
0— f (&)Y —=Py— L —0.
Restricting to Y C Y, we get an extension of sheaves
0— (€)Y — Po— L — 0.
On the inverse images in Y of the affine opens in X, this extension coincides with the
extension constructed in Proposition 2.3.15. Therefore P = Py & Oy is a local projective

generator. O
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2.5 The formal case

In this section, we will study a particular case, that is of interest because we are able
to find a more explicit expression for the projective generators.

Suppose that the base scheme X is an affine scheme X = Spec R, such that R a Noethe-
rian complete local ring with maximal ideal 9. Suppose moreover that the residue field
k = R/ is an algebraically closed field and that k C R.

Let x € X be the unique closed point (corresponding to the maximal ideal 9t) and let
C = f~!(x) C Y be the fiber over x. Under our general assumptions, C is either a single
point, if f is an isomorphism, or it is a curve contained in Y. Let C,q be the reduced
scheme structure on C.

Remark 2.5.1. C,q4 is a reduced connected projective curve over k. Therefore,
H%(Cred, Oc,,) = k.

Lemma 2.5.2. The first cohomology group of Ceq vanishes, i.e., H' (Creq, Oc,.,) =0.

Proof. Let Zc , € Oy be the ideal sheaf of C,.q. Since Y is Noetherian, this is a coherent
sheaf and therefore, by Lemma 2.1.2, R9f.Zc, , = 0 for all g > 2 and R! f+«Zc,., is sup-
ported at x. Moreover, R°f,.Z¢ , = f.Zc_, is also supported at x by the definition of C.
Then, the Leray spectral sequence

E;Iq = HP(X/ qu*ICred) == HP"‘q(X, Icred)

yields H2(Y, Zc,,) = 0. Since H'(Y, Oy) vanishes by Lemma 2.3.4, the long exact coho-
mology sequence obtained from

0—>Zc,. — Oy —>i,Oc,—0

red red

gives H'(Cyeq, Oc,.,) = H'(Y,i.Oc,,) = 0. O

Lemma 2.5.3. A reduced connected projective curve X over k of arithmetic genus 0 is a
tree of P!’s with normal crossing.

Proof. Let X = X; U ---U X, be the decomposition of X in irreducible components. By
[Liu02, §7.5, ex. 5.2], pa(Xi) < pa(X) = 0. On the other hand, X; is an irreducible
projective curve over an algebraically closed field, so it has nonnegative arithmetic genus,
proving that p,(X;) = 0 for all i. Then the formula in [Har13, §IV, ex 1.8] proves that the
normalization X; has arithmetic genus zero and that X; has no singular points. This
proves in particular that X; = X; is a IP!. Let now X be the normalization of X, i.e. X =
le 1I---11 )’(vn We use [Liu02, §7.5, Proposition 5.4] and the fact that k is algebraically
closed to get

pa(X) +n—1= Zpa(ffi) + Z Op-
i=1 peSing(X)

Under our assumptions, this becomes

Z O0p=n—1

peSing(X)

This proves that the X;’s form a tree with normal crossings, or equivalently that X is a
tree of Ps. O
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Therefore, the following theorem is proven.
Theorem 2.5.4. The curve C,oq is a tree of IP'’s with normal crossings.

Lemma 2.5.5. The curve C is Cohen-Macaulay (i.e., C has no embedded components) and
H(C,Oc) = k.

Proof. The ideal of C in Y is MOy, so we have the short exact sequence
0— MOy — Oy — Oc — 0. (2.8)

Since 9Oy is generated by global sections, the vanishing of H!(Y, Oy) implies the van-
ishing of H!(Y, MOy ). Then, the long exact sequence obtained from Formula (2.8) shows
that H(C, O¢) is a quotient of R by a proper ideal containing 9, so it must be k. Any em-
bedded component of C would be zero-dimensional and hence would give rise to extra
sections. So such embedded components cannot exist. O

Let (C;)i=1,. n be the irreducible components of C. By Theorem 2.5.4, each of the C;’s
is a rational curve, i.e. a curve whose reduction is P1.

We want to use the C;’s to compute the Picard group of Y. In order to do this, it will
prove useful to reduce to the formal completion of Y along the curve C. To study this
case, we will need the following algebraic result.

Lemma 2.5.6. Let A be a Noetherian ring and [ QAA an ideal. Let A be the I-adic com-
pletion of A. Denote by 7 natural projection 77: A — A/I, which restricts to a group
homomorphism on the units 77': (A)* — (A/I)*. Thenker 7’ =1+ IA.

Proof. An elementa € A can be represented as

a= Zai, ag € A, a; € I' foralli > 1.
i>0

Notice that such a representation is unique if we require that a; € I' \. ['*1. The elements
of T = IA are the ones with gy = 0. Under this representation, 77(a) is the class of 4y in
A/l

Let a be an element of ker(77'), i.e. 7r(a) = 1. This means that a9 = 1 + x for some
x € I. Then

azl—i—x—l—ZaiEl—f—f

i>1
This proves that ker(7') C 1+ 1.

On the other hand, using the above representation, it is clear thatif a € 1+ T, then
7t(a) = 1. In order to conclude the thesis, it suffices to show that 1+ I C (A)*. Therefore,

consider
a=1 + 2 ai.
i>1

We define recursively b = ) ;-0 b; € A an inverse of a, as follows. Fori = 0, let by = 1.
Fori > 0, let

bi = — Za]-bi,]-.
j=1
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Notice that it follows from the recursion that b; € I!, so b is a well defined element of A.
Moreover, as a consequence of the definition we have

i i
Zajb,‘,j =b+ Zﬂjbi,]‘ =0 foralli>0.
=0 =1

Therefore ,
1
a-b= <Z ﬂi) . (Z b1> = Z (E a]b1]> = aobo =1.
i>0 i>0 i>0 \j=0
So b is an inverse of a in A and the thesis is proven. ]

Remark 2.5.7. The previous lemma can be restated as the existence of a short exact se-
quence of groups R R
0—IA— (A)"—= (A/I)* —0. (2.9)

This is indeed the statement used in the proof of the following theorem.

Theorem 2.5.8. The map £ — (deg(L | C1),...,deg(L | Cy)) defines an isomorphism
Pic(Y) ~ Z".

Proof. Let Y be the formal completion of Y along C. In particular, Oy is obtained as the
completion of Oy along the sheaf of ideals Z = 9MOy. As observed in Formula (2.9), we
get a short exact sequence of sheaves

0— MOy — OF — O¢ — 0.

As in the proof of Lemma 2.5.5, we get that H* (Y, MOy) = 0. This implies that Pic(Y) =
Pic(C). By Theorem 2.5.4, we get that Pic(C) = Z". On the other hand, Groethendieck’s
existence theorem [Stacks, Tag 089N, Theorem 76.42.11] yields Pic(Y) = Pic(Y). So in
conclusion Pic(Y) = Z". The fact that the isomorphism has the indicated form follows

easily by explicitly expressing all the indicated isomorphisms. O

This result gives a natural choice of line bundles on Y. Indeed, we can find line bun-
dles (L;)i-1,.n such that deg(L; | C;) = J;;. More explicitly, these line bundles can be
realized via a choice of divisors. Fix for each i a point y; € C; not lying on any other C;
or on any of the embedded components of Y (notice that by Lemma 2.5.5 the embedded
components are finite and zero-dimensional).

Theorem 2.5.9. Forall i = 1,...n there exists a divisor D; on Y such that

p.nc = J ik ifi=j
' / @  otherwise.

Proof. First we observe that, for a closed subscheme D C Y, the connected components of
D are in one to one correspondence with the connected components of D N C, or equiva-
lently that if D is connected then so is D N C.

Indeed, since f is projective, we can use Grothendieck’s existence theorem, see for
example [Stacks, Tag 0885], to get an exact equivalence of categories

coh(D) — coh(D, 90t)
Fr— F = lim F /90",
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Consider in particular the case 7 = Op. By definition, 65 is supported in D N C. So
if DN C is disconnected, then Op decomposes non trivially as a direct sum. But then
Op must decompose non trivially as a direct sum as well. This proves that if DN C is
disconnected, then so is D.

The previous observation allows us to define D; locally. Let U; be an affine neighbor-
hood of y;. Then we can choose a nonzero divisor z € I'(U;, Oy;) such that V(z) NC; =
{yi}. Let D' be closure of V(z) in Y and D; be the component of D’ containing y;. The
previous discussion shows that D; N C = {y;}, so D; has the expected property. O

Let Pic™ (Y) and Pic™*(Y) be the subgroups of Pic(Y), consisting of isomorphism
classes of line bundles that are respectively globally generated and ample.

Lemma 2.5.10. The following equalities hold.
Pic™(Y) = {£ € Pic(Y) | deg(L | C;) > 0 for all i},
Pic™t(Y) = {£ € Pic(Y) | deg(L | C;) > 0 for all i}.

Proof. Let L be globally generated. Since L is a line bundle, this is equivalent to £ being
basepoint-free. But then the restrictions of £ to the curves C; are basepoint-free as well,
proving by [Har13, §IV.1, Lemma 1.2] that the degree of £ is non negative along each of
the C;’s.

Let £ be a line bundle on Y that has nonnegative degree along each of the curves
Ci. By the previous constructions, £ can be realized as Oy (E), where E is a divisor E =
Y.i1 m;D;, with m; > 0 for all i. In particular, E is a closed subscheme of Y thus yielding
the short exact sequence

0— Oy — Oy(E) — Og(E) — 0. (2.10)

Notice that E is finite over X. Indeed, f|g: E — X is the composition of a closed embed-
ding and a projective morphism, so it is proper. Moreover, it has finite fibers, since each
D; intersects C in a single point. Hence f|f is finite, proving that E is affine. This implies
that the support of Or(E) is affine, so Or(E) is generated by global sections. Then, us-
ing the vanishing of H!(Y, Oy), the long exact sequence obtained from (2.10) proves that
Oy (E) is globally generated, with an analogous argument as the one present in the proof
of Proposition 2.3.15.

Let £ be an ample line bundle on Y. Then, since the closed immersion j: C; — Y is
affine, we have that £|C; = j*(£) is ample on C;. Therefore, deg(L | C;) > 0 for all i.

Finally, suppose that £ is a line bundle on Y with positive degree along all the C;’s.
Applying [Kee03, Proposition 2.7] to the morphism f, in order to prove that £ is ample
it suffices to show that L|;1(,) is ample on f “I(p) forall p € X. For p # x this is
trivial, since f ~!(p) is a single point. For p = x, we have to show that £|C is ample. But
the hypothesis is that £ has positive degree on the irreducible components of C, so the
conclusion follows from [Liu02, §7.5, Proposition 5.5]. O

We now aim to classify the indecomposable projective objects in Per !(Y/X) and
Per’(Y/X).

Lemma 2.5.11. Let M be a vector bundle of rank 7 on Y generated by global sections.
Then M occurs in short exact sequences

00y ' M—L—0,
0= L1 =0y 5 M—0

where L is the determinant bundle £ = det(M).
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Proof. Let J; be the ideal sheaf in Y of the curve C;. Notice that H(Y, J;) C R, since 7; is
a proper subsheaf of Oy. So the long exact cohomology sequence obtained from

0—>\71’—>Oy—>OCi—>O (2.11)

yields H'(Y, J;) = 0.
We claim that H' (Y, M ®¢, J;) = 0. Since M is globally generated, there is a surjec-
tive morphism H%(Y, M) ®g Oy — M. Tensoring with J; we get a short exact sequence

0— K — H(Y,M)®0, Ji = M®p, J; — 0.

The vanishing of H!(Y, J;) implies the vanishing of the first cohomology group of the
central term. Moreover, H2(Y, K) vanishes by Lemma 2.3.3, so the claim is proven.
Since M is flat over Y, tensoring (2.11) with M and taking cohomology, we get that

H(Y, M) = H°(Y, M ®0, Oc,)

is surjective. So generic sections of M correspond to generic sections of M ®¢, Oc,.

Let 9: Oy ! — M and 0: OY""! — M be defined by choosing generic sections of
M. We claim that they have maximal rank everywhere. It suffices to check the rank on
closed points, so it is enough to check it on the curves C;’s. Notice moreover that, by
upper semi-continuity of the rank, it is enough to check it on the unreduced points of C;.
In conclusion, we may suppose to be working on IP!, where the claim is trivial.

Therefore coker(¢) and ker(6) are line bundles. Clearly, they must be £ and £!
respectively. O

Lemma 2.5.12. A vector bundle M belongs to U if and only if it occurs in a short exact
sequence
050y ' M— L0, (2.12)

which is determined by a set of r — 1 generators of H!(Y, £L71), where £ € Pic* (Y). M
is uniquely determined by £ = det(M) up to addition of copies of Oy.
Dually, a vector bundle N belongs to UV if and only if it it occurs in a short exact
sequence
0N =0y =L -0,

which is determined by a set of r + 1 generators of H’(Y, L), where £ € Pic*(Y). N is
uniquely determined by £ = det(\') up to addition of copies of Oy.

Proof. We prove the first statement. The fact that every M which occurs in a short exact
sequence (2.12) belongs to U is proven analogously to Proposition 2.3.15.
Suppose then M € . By Lemma 2.5.11, M occurs in

050y ' M= L0,

where £ = det(M). First of all notice that £ = det(M) is generated by global sections,
since M € 0. In order to show that such a sequence is determined by the choice of a set
of r — 1 generators of H'(Y, £L™!), we proceed as in Proposition 2.3.15. Indeed, dualizing
and taking the long exact sequence in cohomology, we get

HO(Y, Oy)@i’—l ~ Rr—l N HI(Y, ﬁ—l) N HI(Y,M\/) _ 0,

proving the claim. We are left to show that M is determined by £ = det(M) up to
addition of copies of Oy. Notice that any set of generators of H'(Y,£~!) contains a
minimal set of generators, and that adding extra generators corresponds to adding free
summands to M, thus concluding the proof of the first statement.

The proof of the second statement is analogous. O
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Therefore, the following proposition is proven.
Proposition 2.5.13. The map
@: 0 — Z x Pic™(Y)
M — (rk(M),det(M))

is a group homomorphism, that is injective on isomorphism classes.

The injectivity of ¢ gives a way to find the indecomposable objects in . Indeed,
define M to be Oy, and fori = 1,...,n define M; to be the extension

00 s My = L; =0 (2.13)
associated to a minimal set of 7; — 1 generators of H'(Y, Ei’l).

Proposition 2.5.14. The M;’s are indecomposable objects in U and every indecompos-
able object is isomorphic to some M. Moreover, for i > 1, the rank of M; equals the
multiplicity of the curve C; in C.

Proof. The indecomposability of M)y is trivial, so let i > 0. If M; admits a decompo-
sition, it must be as M; = O}" & M’, with M’ indecomposable such that det(M’) =
det(M;) = L;. Clearly r' = rk(M’) < r;. By Lemma 2.5.12, M’ occurs in a short exact
sequence

00y s M = L;—0

determined by ' — 1 generators of H(Y, L;). Therefore r' < r;, proving r' = r; and
M =M.

We now prove that the M;’s are the only indecomposable objects. Using the fact that
det(M;) = L; and that the £;’s generate Pic(Y), we get that for any M & U there exists

R= M@ ME™

such that det(R) = det(M). But then, by Lemma 2.5.12, R and M must differ by a free
summand, proving that any M € U can be decomposed as a direct sum of the M;’s.

Finally, we prove the assertion on the ranks. By Lemma 2.5.9, Ei_l = Oy(—D;). Con-
sider the short exact sequence

0— Oy(—Di) — Oy — ODi — 0.
The vanishing of H'(Y, Oy) yields the exact sequence
R — H°(Y,Op,) — H'(Y,Oy(-D;)) =0,

where the first morphism is actually a ring homomorphism, so its image is not con-
tained in MH(Y, Op,). This proves that r; — 1, i.e. the minimal number of generators
of H'(Y,Oy(—D;)), is equal to r — 1, where r is the minimal number of generators of
HO(Y, Op,).

So r; = r. By Nakayama’s Lemma r is equal to dimy(H°(Y, Op./9MOp.)). But this is the
intersection number C - D;, which is by definition of D; the multiplicity of C; in C. O

In Section 2.3, we introduced U to study Per_l(Y/ X), and the dual UV to study
Per’(Y/X). It shouldn’t therefore be surprising that, while the M;’s will come up in
the study of Per (Y /X), their duals will instead come up in the study of Per’(Y /X).

With this in mind, define N; := /\/llv By Lemma 2.5.12 N; occurs in a short exact
sequence

0= N; = O = £, —o0. (2.14)
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Theorem 2.5.15. The indecomposable projective objects in Per (Y /X) are the M;’s. The
projective generators in Per ! (Y /X) are of the form @iMfB”" with a; > 0 for all i.

Dually, the indecomposable projective objects in Per’(Y/X) are the A;’s. The projec-
tive generators in Per’(Y/ X) are of the form @i./\/'z.@bi with b; > 0 for all i.

Proof. By Prop.2.3.17, the objects in U are exactly the projective objects in Per ! (Y/X), so
by Prop.2.5.14 the M,’s are the indecomposable projective objects in Per (Y /X). There-
fore, any projective object is decomposed as M = @; M. By Proposition 2.3.18, such
an M is a projective generator if and only if Oy is a direct summand of M, giving ag > 0,
and det(M) is ample, giving via Lemma 2.5.10 that a; > 0 for i > 0.

The proof for Per’(Y /X) is analogous. O

This theorem gives a natural choice of projective generators for Per (Y /X) and
Per’(Y/X). Indeed, we can take

EB M; and EBM

Applying Theorem 2.3.20 using these projective generators, we get the following result.

Theorem 2.5.16 ([Van04, Theorem 3.5.6]). There are equivalences Per (Y /X) ~ mod(A)
and Per’(Y/X) ~ mod(A°F), where A is a finite R-algebra such that A/ rad(A) ~ k"*1.

Proposition 2.5.17. The n + 1 simple objects in Per '(Y/X) are Sy = Oc and S; =
Oc,(—-1)[-1]fori=1,...,n.

Proof. Notice that Sy is globally generated, so by Lemma 2.3.2 it belongs to 7_;. For i > 0,
notice that f,Oc.(—1) is supported at x, but for any open U C X containing x we have

L(U, f:0c,(-1)) =T(f~(U)NC;, Oc)(~1)) =T(C;, O¢,(-1)) =0,

so actually f,Oc,(—=1) = 0 and Oc,(—1) € F_i. This proves that S; belongs to
Per ! (Y/X) for all i.
To prove thesis, it suffices to show that

Homgp,, -1y, x) (M, Sj) = Hompp con(y)) (M, Sj) = 6ij - k.
Suppose i = 0 and j = 0. Then
Hom ps(gon(v)) (Oy, Oc) = Homy (Oy, Oc) = Hom¢ (O, O¢) = HY(C,Oc) = k.
Suppose i = 0 and j > 0. Then
Hompi (con(v)) (O, Oc;(=1)[1]) = Exty(Oy, Oc;) = Extg,(Oc;, Oc,(~1))
= H'(C;, 0 (~1)).

By Serre duality
H'(Cj, Oc,(—1)) = H(Cj, O¢,(—1)) = 0.

Suppose i > 0 and j = 0. Notice that by Lemma 2.3.3, H?(Y, M) vanishes for any co-
herent sheaf M, and therefore H!(Y, —) is right exact on sequences of coherent sheaves.
This proves that if M is a finitely generated R-module, then

HYY, L' @r M) = HY(Y, £; ') ®r M. (2.15)
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Indeed, M is realized as the cokernel of a homomorphism of free R-modules, and it
is clear that the functors H'(Y, £; ! ®g —) and H!(Y,L; ') ®g — coincide on free R-
modules, so by right exactness they must yield the same cokernel. Applying (2.15) with
M = R/, we get that a minimal system of generators for H(Y, £; ') corresponds to a
base over k of

HY(Y, L7 @r R/9M) = H'(Y, L @0, Oc) = Exty (L;, Oc).

Applying Homy (—, Oc) to the short exact sequence (2.13) obtained by choosing a mini-
mal set of generators H'(Y, L), we get

0 — Homy (L;, O¢) — Homy (M, Oc) — Homy (OF ', Oc) — Ext'(L;, Oc).
By the above observations, the last morphism is actually an isomorphism, so
Homy (L;, Oc) — Homy(M;, O¢)
must be an isomorphism as well. In conclusion,
Homy (M;, O¢c) = Homy(L;, Oc) = Hom¢(Oc(D;), Oc) = HY(C, Oc(—Djy)).

But H(C, Oc(—Dj;)) is a proper ideal of H(C, Oc) = k, so it must be zero.
Lastly, suppose i > 0 and j > 0. Then

Hom py con(y)) (Mi, Oc;(—1)) = Exty (M;, O, (—1)).

In the long exact sequence obtained from (2.13) by applying Homy(—, Oc,(—1)), there
are two vanishing terms:

Homy (0§, O¢,(~1)) = Homc,(Oc,, Oc,(—1))" ' = H(C;, Oc,(~1))"" ' =0,

Bxt} (0%, Oc/(-1)) = Extlcj((’)cjlocj(_l))ri—l _
Hl(Cj, Ocj(_l))rifl — HO(C]‘, Ocj(_l))r,fl - 0.

So we get an isomorphism between Ext}(M;, Oc,(—1)) and Ext (L, Oc) =
Extlcj(ﬁ, |Cj, Oc;(—1)). For i # j, £;|C; vanishes. For i = j, we get

Ethcj(ﬁ, |C], Ocj(—l)) = Extlc],(OCj(l), Ocj(—l)) = Hl(C]', OC]'(_Z)) = HO(C]', Ocj) = k,
concluding the proof. O

Symmetrically, we can prove an analogous result for Per’(Y/X).

Proposition 2.5.18. The 1 + 1 simple objects in Per’(Y/X) are Sy = wc([1] and S; =
Oc,(—1)fori=1,...,n.
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2.6 Birational Geometry

In this section, we apply the equivalence proven in Section 2.4 to the study of certain
birational morphisms.

First, we introduce an affine analogous of the sheaves M; and N; defined in (2.13).
Let P be an n-dimensional complete local ring, with n > 3. Let R be a normal integral
Gorenstein P-algebra, which is a free P-module of rank 2. The class group of R is the
group CI(R), whose elements are isomorphism classes of reflexive rank 1 R-modules,
with product defined by

I-]=(I®r])".
Let I be a reflexive R-module of depth > n — 1. Notice that then

Extk(I,R) =0 (2.16)
for all i > 2. Consider the following short exact sequences

0—-R 1S M—=T1-0, (2.17)
0+ N—R"H 510, (2.18)
where (2.17) is obtained by choosing a set of r — 1 generators of Extk (I, R). Taking the
long exact sequences obtained by applying Homg(—, R), condition (2.16) immediately
implies ' '
Extix(M,R) =0foralli >2 and Extiz(N,R)=0foralli> 1.

Actually, it turns out that, due to the construction of (2.17), Extk (M, R) vanishes as well.
Indeed, the long exact sequence in degree one is

Homg (R, R¥"™1) = R¥"~1 — Extk(I,R) — Extk(M,R) — 0.

By definition, the homomorphism R®"~1 — Extk(I, R) is surjective, thus implying the
vanishing of Extk (M, R). In conclusion,

Extk (M, R) = Exty(N,R) =0 foralli > 1. (2.19)

Notice that, since R is Gorenstein, R is a canonical R-module, so condition (2.19) im-
plies that M and N are maximal Cohen-Macaulay R-modules (see [E]00, §9.5.]). Using a
global version of Lemma 2.5.12, we get that M and N are uniquely determined by I up
to addition of free summands. Denote by M(I) and N(I) the modules obtained from M
and N respectively, after deleting the free summands.

Proposition 2.6.1. In the described situation, there is an isomorphism N(I) ~ M(I~1).
Proof. First of all notice that, since R is free over P, for all R-modules M we have
depthy (M) = depth,(M).

Moreover, M is reflexive over R if and only if it is reflexive over P.

The module I has rank 1 over R, therefore it has rank 2 over P. Now we consider
R ®p I, which has both a natural P-module and R-module structure. In particular, as a
P-module it is isomorphic to I & I, so

depth,(R®p I) = depth,(I) = depthy(I) > n —1.
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Moreover, since I is reflexive, it follows that R ®p I is reflexive over P and hence over R.
Notice that

rkR(R ®p I) = I'l(p(]) =2.

Let K be the kernel of the natural R-modules homomorphism R ®p I — I, so we have
the short exact sequence

0—+K—R@pl—>1—0.
As observed, R ®p I and I are both reflexive, so K is as well (see [Stacks, Tag 0AUY]).
By additivity of the rank along short exact sequences, we get that rkg(K) = 1. Denote

vV
by det(M) the class of ( AEM M) in CI(R). Then determinant is multiplicative along
short exact sequences and therefore

K-I=det(R®pI).

Since P is regular local, we have projdim,(I) = 1. But R is flat as a P-module and hence
projdimg (R ®p I) = 1. By taking a free resolution of length one and using multiplicativ-
ity of the determinant, we get

det(R®pI) = R.

SoK =I"1inCI(R).
Consider the short exact sequence (2.18). By possibly adding free summands, we can
construct a commutative diagram

0 N R+t s T _— 30

I

R®pl —— I —— 0 -

|

0

Since projdim (R ®p I) = 1, we can extend the diagram as follows

0 0
RES—1 — Rpas-1
0 N R+ I 0
H
0 ! R®pl —— I —— 0.
0 0

Taking the long exact sequence obtained by applying Hompg (—, R) to the left-most verti-
cal sequence, we see, using that Exty (N, R) = 0, that such sequence is obtained by choos-
ing a set of generators for Extk(I~!, R). This proves that, after deleting free summands,
N = M(I71). Therefore N(I) = M(I™1). O
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Lemma2.6.2. Let f: Y — X be a projective birational morphism between normal Noethe-
rian schemes. Suppose that the exceptional locus of f has codimension at least two in Y.
Then f, restricts to an equivalence between the category of reflexive Oy-modules and the
category of reflexive Ox-modules.

Proof. Without loss of generality we may assume X and Y to be integral. Let E C Y be the
exceptional locus of f, which by hypothesis has codimension at least 2 in Y. By [Liu02,
§4.4, Corollary 4.3] f(E) has codimension at least 2 in X. Let U, V be respectively Y \ E
and X\ f(E). Since

f|u: u—v

is an isomorphism, f. clearly defines an equivalence between the category of reflexive
Ou-modules and the category of reflexive Oy-modules. To conclude the proof, it suffices
to show that the immersions

tU=Y, V=X

restrict to equivalences on the respective categories of reflexive modules.

We consider i, the conclusion for j is clearly analogous. In particular, we show that
if F is reflexive on Y, then F| is reflexive and i.(F|y) is naturally isomorphic to F.
Symmetrically, we show that if G is reflexive on U then i..G is reflexive on X, while it is
clear that (i,G)|y = G.

Since U is open in Y, taking the dual commutes with restricting to U. Then it is trivial
that F reflexive implies F|; reflexive. The fact that i, (F|y) is naturally isomorphic to F
is [Har80, Proposition 1.6].

The last thing left to prove is that if G is reflexive on U, then i, is reflexive on Y.
Notice that (i,G)"" is reflexive, so by the first case there is a natural isomorphism

(i.9)"" = i.((i:G)""|u).
As observed, restricting commutes with taking the dual, so the right-hand side is just

i ((2:9)[1") = i(G"),

VW

which is .G since G is reflexive. Therefore (i.G) .G, as claimed. O

Let f: Y — X be a projective birational morphism between Noetherian schemes such
that the exceptional locus of f has codimension atleast 2 in Y. Suppose moreover that Y is
normal Gorenstein and that X = Spec(R) is affine, where R is a normal complete local k-
algebra with residue field k and with a canonical hypersurface singularity of multiplicity
two. It follows that Rf.Oy = Ok, so the situation falls under the case studied in Section
2.5.

Under these hypotheses, Y is integral and therefore the group CI(Y) of classes of
Weil divisors is isomorphic to the group of isomorphism classes of coherent reflexive
Oy-modules of rank 1 (see [Stacks, Tag 033H, Tag OEBK]). Then the previous lemma
shows that

Cl(Y) ~ CI(R). (2.20)

On the elements of Pic(Y), this identification maps a line bundle L to its global sections.
Therefore, by Lemma 2.3.22, the elements of Pic(Y) are mapped to reflexive R-modules
of depth at least n — 1.

Consider the Oy-modules £;, M; and N; defined in Section 2.5. By Lemma 2.3.22,
the R-modules IT'(Y, M;) and T(Y, N;) are Cohen-Macaulay. Put [; = T'(Y, £;). As noticed
above, the I;’s are reflexive R-modules of rank 1 and depth at least n — 1.
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Fori=1,...,nput M; = M(];) and N; = N(I;), fori = 0 put My = Ny = R. The
following lemma gives a link between Section 2.5 and the construction studied in the first
part of this section.

Lemma 2.6.3. We have M; = T'(Y, M;) and N; = T'(Y, ;) foralli =0,...,n.

Proof. The case i = 0 is trivial, so we suppose i > 0. We study the first equality. Since
H'(Y, Oy) vanishes, the long exact sequence obtained from (2.13) is

0— R 5 T(Y,M;) = I —0. (2.21)

Applying Homg(—,R) to (2.21) and taking the long exact Ext sequence, we see that
the sequence (2.21) is obtained by choosing r; — 1 generators for Extk(I;, R). Therefore
I'(Y, M;) is obtained from M; by adding free summands. Since the equivalence (2.20)
is obtained by taking global sections and the M;’s are indecomposable by Proposition
2.5.14, we get that the modules I'(Y, M;) are indecomposable. Therefore, I'(Y, M;) = M;.

We now study the second equality. As before, taking the cohomology sequence of
(2.14) and using that H' (Y, N;) = 0,as N; € TV, we get

0—T(Y,N;) = Rt = I, - 0.

Therefore I'(Y, ;) is obtained from N; by adding a free summand. As before, the inde-
composability of N; implies that of T'(Y, AV;). So T(Y, ;) = N;, concluding the proof. [

In the last part of this chapter, we apply the the proven equivalence (Theorem 2.4.2)
to the study of flops.

Definition 2.6.4. Let f: Y — X be a projective birational morphism such that the excep-
tional locus of f has codimension at most two in Y and let D be an f-ample divisor on Y.
We say that a projective birational morphism f: Y+ — X is a flop of f if the exceptional
locus of f* has codimension at most two and the strict transform E of D in Y is such
that —E is fT-ample.

We go back to the case under study. The morphism f: Y — X admitsaflop f*: Y* —
X. We can give an explicit construction of f*. Since R is a complete k-algebra with a
canonical hypersurface singularity of multiplicity two, we have

R=k[[x1,...,x041]]/ (33 + f(x2,...,x0)).

Let 0: X — X be defined by (x1,x2...,x,41) — (—x1,%2,...%,11). Then Y = Y and
ft = oo f, see [Kol89, Example 2.3]. To distinguish between Y and Y, we denote the
fiber over x in the latter as C*, the components of C* as Cl.+ and the divisors defined in
Theorem 2.5.9 as Di+.

Applying (2.20) both to f and f we get canonical identifications

Cl(Y) = CI(R) = CI(Y™").

In particular, £; € Pic(Y) is identified with £; ! € Pic(Y"). Indeed, as shown in [Kol89,
Example 2.3], ¢ induces the endomorphism I — I~ on CI(R). Therefore, £; = £

; and
F=1"

Proposition 2.6.5. In the situation under study, M;" = N; and N;" = M.
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Proof. It suffices to use Proposition 2.6.1. Indeed,

M =M(I") = M(I; ') = N(L) = N,

1 1

N = N(I[") = N(I; ") = M(L) = M;,

1

proving the thesis. O

Finally, we can prove more general results on flops by reduction to the formal case.

Theorem 2.6.6. Let f: Y — X be a projective birational morphism between normal k-
varieties of dimension n > 3, such that the exceptional locus has codimension at least 2
in Y. Suppose that X has hypersurface singularities of multiplicity at most two. Then the
morphism f admits a unique flop f*: Y* — X. More explicitly, there exists a unique
morphism f: Y — X such that the following hold.

1. Y7 is a normal k-variety and f*: Y™ — X is a birational projective morphism. The
morphisms f and f* have fibers of the same maximal dimension. The exceptional
locus of f T has codimension at most 2 in Y. Moreover, if Y is Gorenstein, then so
isY™.

2. Using the isomorphism proven in Lemma 2.6.2, we get identifications
CI(Y) ~ CI(X) ~ CI(Y™). (2.22)
In particular, (2.22) restricts to an isomorphism between Pic(Y) and Pic(Y™).

3. If E is an f-nef (resp. f-ample) divisor on Y and E* is its strict transform on Y™,
then —E™ is f-nef (resp. fT-ample).

Proof. Let D an f-ample Cartier divisor on Y. Via f we can identify it with a Weil di-
visor on X, which we still call D. Notice that, by [Kol89, Def 2.1], if the flop T exists
then it is determined uniquely by D, therefore it is unique. So we only have to prove
existence. Moreover, by [KM98, Corollary 6.7], it suffices to prove existence locally, so we
may suppose X to be affine.

By [KM98, Corollary 6.4.(b)], the flop f* exists if and only if the sheaf S =
@, Ox(—nD) is a sheaf of finitely generated Ox-algebras. In such a case, Y+ = Proj S.
According to [KM98, Proposition 6.6], it suffices to check this condition on the comple-
tion of the closed points of X. Therefore, we can restrict the study to the formal case
X = Spec(R), where R is a complete k-algebra with hypersurface singularities of multi-
plicity 1 or 2.

By the construction given above, in this case the flop Y™ exists and we have an explicit
expression. In particular, it is easy to check that the conditions 1, 2 and 3 are verified.
Since the proprieties hold when passing to the completion of the closed points, they hold
in the general case as well, so the flop exists and has the desired properties. O

Theorem 2.6.7. Let f: Y — X be a projective birational morphism between normal,
quasi-projective, Gorenstein k-varieties dimension n > 3. Suppose that the fibers of f
have dimension at most 1 and that the exceptional locus of f has codimension at least 2
in Y. Suppose moreover that X has canonical hypersurface singularities of multiplicity at
most 2. Let f7: Y+ — X be the flop of f. Then, there is an equivalence of triangulated
categories
D’(coh(Y)) ~ D’(coh(Y™)),
which restricts to an equivalence

Per (Y /X) ~ Per® (Y /X).
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Proof. According to Proposition 2.4.3, there exists a vector bundle P on Y which is a local
projective generator for Per ' (Y/X). By Lemma 2.3.22, f.P is Cohen-Macaulay on X
and hence reflexive, see [BH98, Proposition 1.4.1].

Therefore, applying Lemma 2.6.2 to f*, we get that f.P corresponds to a reflexive
Oy+-module Q.

We now want to show that Q7 is a local projective generator for Per’(Y* /X). Clearly,
it suffices to show it by restricting to an affine cover of X, so we may suppose X =
Spec(R). In particular, we may suppose to be in the instance of the formal case discussed
in the first part of the chapter. Then, by Theorem 2.5.15, we have

P =@M

Lemma 2.6.3 then yields f.P = @; M. By Lemma 2.6.5, this coincides with &;(N;")®4.
Using now Lemma 2.6.3 with fT, we then get that

Q+ — @(M+)@ai'

1

Therefore, Theorem 2.5.15 proves that Q™ is a projective generator for Per’(Y*/X).
Going back to the general case, we want to use the local projective generators P and
OT in the equivalences proven in Theorem 2.4.2. The choice of ot yields

f*gi’ldy(P) == ijndy+(Q+).

We denote this sheaf of Ox-algebras by A. Applying Theorem 2.4.2 both to f and f+, we
get a chain of equivalences

(F) ()8 o)1 Q"

Db (COh(Y)) Rf.RHomy(P,—)

D' (coh(A)) DY (coh(Y™)),
which restrict to equivalences
Per (Y/X) — coh(A) — Per’(Y'/X).

This concludes the proof. O
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Appendix A

Morita Theory

We recall the basic results concerning Morita Theory of finite dimensional algebras.
Two k-algebras A and B are said to be Morita equivalent if their module categories mod(A)
and mod(B) are equivalent. Therefore, the key idea behind Morita Theory is to study not
the algebras themselves, but rather their module categories.

We follow [AC20]. Let A be a finite dimensional k-algebra. In what follows, by an A-
module we mean a finitely generated (or equivalently finite dimensional) right A-module.

Definition A.0.1. The radical rad(A) of the ring A is the ideal obtained as the intersection
of all the maximal right ideals of A. Similarly, the radical rad(M) of an A-module M is
the submodule obtained as the intersection of all the maximal submodules of M.

The radical of A has several useful properties.

Proposition A.0.2 ([Bar15, §3.6; AC20, §1.1.2; Lam91, §4] ). The following properties hold
for rad(A):

(a) The radical is a two-sided ideal, characterized as follows

rad(a) = {a € A |1 — axisright invertible forall x € A}
= {a € A|1— xaisleftinvertible for all x € A}.

(b) The radical is a nilpotent ideal, that is rad(A)" = 0 for n big enough.
(c) The quotient A/ rad(A) is a semisimple algebra.

(d) An element a € A belongs to rad(A) if and only if it annihilates every simple A-
module.

Lemma A.0.3. If M is an A-module, then rad(M) = M -rad(A).

Proof. We prove the two inclusions. Let N C M be a maximal submodule. Then
the quotient M/N is a simple A-module, so by Proposition A.0.2(d) it is annihilated
by rad(A). This proves that Mrad(A) C N for all maximal submodules N, hence
Mrad(A) C rad(M).

By Proposition A.0.2(c) the algebra A/rad(A) is semisimple. Then by [Rot09,
Proposition 4.5] all A/ rad(A)-modules are semisimple. In particular M/Mrad(A) is
a semisimple A/ rad(A)-module, and hence it is a semisimple A-module, see [Lam91,
Prop 4.8]. This proves that rad(M) C Mrad(A). O
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We now study the indecomposable A-modules. We will focus in particular on the
indecomposable projective A-modules. Clearly, these are the modules which appear in a
decomposition of A4, i.e. the ring A seen as a right A-module.

Proposition A.0.4 ([AC20, Prop 1.1.13]). An A-module M is indecomposable if and only
if its endomorphism algebra End 4 (M) is local.

Theorem A.0.5 ([AC20, Theorem 1.1.14]). An A-module M admits a decomposition
M=M@ - &M,

where the M;’s are indecomposable. Such a decomposition is unique, up to isomorphism
and reordering.

Lemma A.0.6. Let By,...B,, C A be right ideals. Then A admits a decomposition A =
B @ --- @ By, as a right A-module if and only if there exist e;,...e;, € A orthogonal
idempotents such that 1 =e; 4 - - - + ¢, and B; = ¢;A.

Proof. Suppose A decomposes as A = By @ - - - @ By,. Therefore, there exist ¢; € B; such
that1=e; +---+e,. Then

n
61'21-81':26]'-81'.
j=1

Notice that e; - ¢; € Bj-¢; C B;. Since the direct sum yields a unique decomposition, we
get
e? =e; and ej-e;=0fori #j.

We are left to show that B; = ¢;A. Since ¢; € B; and B; is a right ideal, the inclusion
e;A C B; is trivial. For the other inclusion, consider b € B;. Then

Once again, by uniqueness of the decomposition we get
ei-b=>b and e;-b=0ifj#i.
This proves B C e;A.
Suppose now that there existey, . .. e, € A with the stated properties and set B; = ¢; A.

We need to show that A = By + --- + B, and that B; N B; = {0} if i # j. For the first
equality, it suffices to notice that, for alla € A,

n
azl-a:Zei-a.
1=0

For the second equality, let x € B; N B;. Then there exist a,b € A such that
x=e-a=¢ej-b.

Therefore,
x:ei-a:el-z-a:ei-x:eiej‘b:0~b:0.

This concludes the proof. O
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The idempotents ¢;’s appearing in the previous lemma are orthogonal, meaning e;e; =
d;j, and complete, meaning 1 = ey +...e,. The B;’s are indecomposable if and only if
the e;’s are also primitive, meaning that any decomposition ¢; = e/ + ¢/ with e/ and e/
idempotent yields e} = 0 or e = 0, see [AC20, §1.1.3; Bar15, Corollary 4.18]. Therefore, a
set {e1,...e,} of complete primitive orthogonal idempotents yields a decomposition

Ap=P & - @P, (A1)

where P; = ¢;A and the P;’s are indecomposable projectives. Moreover, any indecompos-
able projective A-module is isomorphic to P; for some i.

Lemma A.0.7 ([Barl5, Example 4.32]). The quotient P;/ rad P; is a simple A-module.

Proposition A.0.8. Let M be an A-module and ¢ € A an idempotent element. Then
Homy (eA, M) = Me.

Proof. A morphism f: eA — M is uniquely determined by f(e) = m. Notice that
m=f(e)=f(e-e)=f(e)-e=m-e. (A.2)

This proves that m belongs to Me. On the other hand, let m = n - e € Me. Then m satisfies
the property (A.2) and thus defines a homomorphism eA — M. Indeed,

This concludes the proof. O
Corollary A.0.9. If ey, e, € A are idempotent elements, then ey Ae, = HomR(eyA, exA).
Definition A.0.10. The ring A is basic if in (A.1) the P;’s are not isomorphic, i.e. P; % P; if
i #J.

Remark A.0.11 ([AC20, §L.2.2]). If A is basic, then A/ rad(A) is a product (possibly
noncommutative) of fields. In particular, if the field k is algebraically closed, then

A/rad(A) ~ k", where n is the number of indecomposable modules appearing in the
decomposition of A.

The property highlighted by the previous remark proves to be useful.
Definition A.0.12. A k-algebra A is elementary if A/ rad(A) ~ k".

Remark A.0.11 can be then rephrased as follows.
Proposition A.0.13. A basic algebra over an algebraically closed field is elementary.

As we will see later, a class of algebras of great importance is formed by the bounded
quiver algebras. We give the necessary definitions.

Definition A.0.14. A quiver is an oriented graph. Formally, a quiver Q constitutes of a
quadruple Q = (Qo, Q1, s, t), where Qy is the set of vertices, Qy is the set of arrows, s and t
are functions Q1 — Qo determining the source and the target of each arrow.

A path on Q is a finite sequence of composable arrows of Q. Formally, a path is a sequence

(Ylanlana]. . |arx),

where x,y € Qp are vertices and «y,...,a, € Q are arrows such thats(a1) = x, f(a;) =
s(ajrq1) foralli=1,...n —1and t(a,) = y.
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Notice that, under the above definition, we also have for each vertex x € Qo the lazy
path

(x]x).

It is the neutral element with respect to the obvious composition of paths.

Definition A.0.15. The path algebra kQ of the quiver Q is the algebra generated by the
paths on the quiver Q. The product of two paths is defined as their composition if possi-
ble, or it is zero otherwise.

In kQ, let kQ™ be the ideal generated by the arrows.
Definition A.0.16. Anideal I C kQ is admissible if there exists m > 2 such that
(kQF)™ S 1C (kQ")

The couple (Q,I) is called a bound quiver and the algebra A = kQ/I is called a bound
quiver algebra.

Proposition A.0.17 ([AC20, Prop 1.2.7.]). Let Q be a finite connected quiver and I C kQ
be an admissible ideal. Then the algebra kQ/I is a basic connected finite dimensional
algebra.

We have thus seen how to construct a finitely dimensional algebra starting from a
finite quiver. Symmetrically, we can construct a quiver associated to a k-algebra A.

Definition A.0.18. Let A be an elementary algebra and let {ey, ..., e, } be a set a of prim-
itive complete orthogonal idempotents in A. The ordinary quiver Q4 of A is defined as
follows.

e The vertices of Q4 are {ey,...,e,}.

* The number of arrows going from ¢; to ¢; equals the dimension over k of the ideal

rad(A)
€; 5 6]'.
rad”(A)
Lemma A.0.19. [AC20, Lemma 1.2.10.] The quiver Q4 does not depend on choice of the
primitive complete orthogonal idempotents {ej, ..., e, }.

The link between bound quiver algebras and their ordinary quivers is given by the
following results.

Lemma A.0.20. [AC20, Lemma 1.2.11.] If A = kQ/I is a bound quiver algebra, then
Qa=0Q.

Theorem A.0.21. [AC20, Theorem 1.2.13.] If A is an elementary finite dimensional k-
algebra, then there exists an admissible ideal I C kQj4 such that A ~ kQ4 /1. Namely,
every elementary finite dimensional algebra is a bound quiver algebra.

A way to encode the structure of the category mod A in a quiver is via the Auslader-
Reiten quiver. Before defining it, we mention the notion of radical morphism and list some
properties.
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Definition A.0.22. If M and N are A-modules, the radical rad 4 (M, N) is the set of all the
homomorphisms f € Homy (M, N) such that for any section s: M — N and retraction
r: N — N’ the composition rfs: M" — N’ is not an isomorphism.

Remark A.0.23. [AC20, Lemma II.1.6.] The set of all radical morphism form an ideal in the
category mod A, meaning that it is closed under left and right composition with arbitrary
homomorphisms. Therefore, for all n > 0 there is a well defined ideal rad’, (M, N),
generated by morphisms which are compositions of n radical morphisms.

Remark A.0.24. [AC20, Corollary II.1.8] If M and N are indecomposable A-modules,
then rad (M, N) is the set of all the homomorphisms in Hom (M, N) which are not
isomorphisms.

Lemma A.0.25. [AC20, Cor I1.1.10.] Let f: M — N be a homomorphism of A-modules.
(a) If M is indecomposable, then f is radical if and only if it is not a section.
(b) If N is indecomposable, then f is radical if and only if it is not a retraction.

Lemma A.0.26. Let P = ¢A be an indecomposable projective A-module and M an A-
module. Then rad 4 (M, P) = Hom (M, rad(P)).

Proof. Let S := P/ rad P, which is a simple module by Lemma A.0.7,and let t: P — S be
the natural projection. By simplicity of S, a morphism g: M — P has the property that
7t 0 g is nonzero if and only if 77 o g is surjective, hence if and only if the class of e belongs
to the image of 77 o ¢. This means that there exist m € M and r € rad P = erad(A) such
that g(m) = e —r. Then

gm+mr)y=e—r+(e—1)r=e—1r%

Iterating, we get that g(m + mr + - +mr"~!) = e — r". By Proposition A.0.2(b) the
radical rad(A) is a nilpotent ideal, so for n big enough " € rad(A)" vanishes. This
proves that there exists m’ € M such that

g(m') =e.

Then ¢ must be surjective. In conclusion, we showed that g is surjective if and only if its
image is not contained in rad P. On the other hand, since P is projective, g is surjective if
and only if it is a retraction. Then Lemma A.0.25 shows that the radical morphisms are
exactly those which factor through rad P. O

Definition A.0.27. The space of irreducible morphisms from M to N is

rad4 (M, N)

Irrpy(M,N) = .
Al ) rad% (M, N)

Definition A.0.28. The Auslander-Reiten quiver T'(mod A) associated to the algebra A is
defined as follows.

e The vertices of I'(mod A) are the isomorphism classes of indecomposable A-
modules.

¢ If M and N are nonisomorphic indecomposable A-modules, the number of arrows
going from [M] to [N] equals the dimension over k of Irr4 (M, N).
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The Auslander-Reiten quiver is relevant, because it encodes in combinatorially much
of the information about the category mod A. It can be constructed in grater generality
form a k-linear category. Many of the results carry out to the more general setting.

Definition A.0.29. An algebra A is representation-finite if the category mod A admits a
finite number of isomorphism classes of indecomposable objects.

Suppose that A is a representation-finite algebra and let My, . .. M,, be representatives
of the isomorphism classes of indecomposable A-modules. Set

M=M®® - --&M,.

Then M is an additive generator of mod A. Namely, mod A = add M is the smallest full
subcategory of mod A containing all direct sums of direct summands of M.

Definition A.0.30. The Auslander algebra of A is B := End4(M).

Theorem A.0.31. [AC20, Theorem VI.3.2.] Suppose that A is a representation-finite alge-
bra and B is the Auslander algebra of A. Then the Auslander-Reiten quiver I'(mod A) of
A is isomorphic to the ordinary quiver Qp of B.

54



Bibliography

[AC20]

[Bar15]

[Bas68]

[BBDS2]

[BBHO9]

[BH98]

[Bri02]

[CKMS8]

[EJOO]

[Har13]

[Har80]

Ibrahim ASSEM and Flavio U. COELHO. Basic representation theory of algebras.
Vol. 283. Graduate Texts in Mathematics. Springer, Cham, 2020, pp. x+311.
ISBN: 978-3-030-35117-5. DOI: 10 . 1007 /978 -3-030-35118- 2. URL: https :
//doi.org/10.1007/978-3-030-35118-2

Michael BAROT. Introduction to the representation theory of algebras. Springer,
Cham, 2015, pp. x+179. I1SBN: 978-3-319-11474-3. DOI: 10.1007/978-3-319-
11475-0. URL: https://doi.org/10.1007/978-3-319-11475-0.

H. BaAss. Algebraic K-theory. Hyman Bass. W. A. Benjamin, 1968. ISBN:
9780805306606. URL: https://books.google.it/books?id=z0aEAAAATAAT.

A. A. BEILINSON, ]J. BERNSTEIN, and P. DELIGNE. “Faisceaux pervers”. In:
Analysis and topology on singular spaces, I (Luminy, 1981). Vol. 100. Astérisque.
Soc. Math. France, Paris, 1982, pp. 5-171.

Claudio BARTOCCI, Ugo BRUZZO, and Daniel HERNANDEZ RUIPEREZ.
Fourier-Mukai and Nahm transforms in geometry and mathematical physics.
Vol. 276. Progress in Mathematics. Birkhduser Boston, Inc., Boston, MA, 2009,
pp. xvi+423. I1SBN: 978-0-8176-3246-5. DOI: 10. 1007 /b11801. URL: https://
doi.org/10.1007/b11801.

Winfried BRUNS and H. Jiirgen HERZOG. Cohen-Macaulay Rings. 2nd ed. Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, 1998.

Tom BRIDGELAND. “Flops and derived categories”. In: Invent. Math. 147.3
(2002), pp. 613-632. 1SSN: 0020-9910,1432-1297. DOI: 10.1007/s002220100185.
URL: https://doi.org/10.1007/s002220100185.

Herbert CLEMENS, Janos KOLLAR, and Shigefumi MORI. Higher dimensional
complex geometry, A Summer Seminar at the University of Utah, Slat Lake City,
1987. en. Astérisque 166. Société mathématique de France, 1988. URL: http:
//www.numdam. org/item/AST_1988__166__1_0/.

Edgar E. ENOCHS and Overtoun M. G. JENDA. Relative Homological Algebra.
Berlin, New York: De Gruyter, 2000. ISBN: 9783110803662. DOI: doi: 10.1515/
9783110803662. URL: https://doi.org/10.1515/9783110803662.

Robin HARTSHORNE. Algebraic geometry. Vol. 52. Springer Science & Business
Media, 2013.

Robin HARTSHORNE. “Stable reflexive sheaves”. In: Math. Ann. 254.2 (1980),
pp- 121-176. 1ssN: 0025-5831,1432-1807. DOI: 10 . 1007 / BF01467074. URL:
https://doi.org/10.1007/BF01467074.

55


https://doi.org/10.1007/978-3-030-35118-2
https://doi.org/10.1007/978-3-030-35118-2
https://doi.org/10.1007/978-3-030-35118-2
https://doi.org/10.1007/978-3-319-11475-0
https://doi.org/10.1007/978-3-319-11475-0
https://doi.org/10.1007/978-3-319-11475-0
https://books.google.it/books?id=zOaEAAAAIAAJ
https://doi.org/10.1007/b11801
https://doi.org/10.1007/b11801
https://doi.org/10.1007/b11801
https://doi.org/10.1007/s002220100185
https://doi.org/10.1007/s002220100185
http://www.numdam.org/item/AST_1988__166__1_0/
http://www.numdam.org/item/AST_1988__166__1_0/
https://doi.org/doi:10.1515/9783110803662
https://doi.org/doi:10.1515/9783110803662
https://doi.org/10.1515/9783110803662
https://doi.org/10.1007/BF01467074
https://doi.org/10.1007/BF01467074

[HRS96]

[Huy06]

[Kee03]

[Kir16]

[KMO8]

[Kol89]

[Lam91]

[Liu02]

[Rot09]

[Stacks]

[Van04]

[Wil65]

Dieter HAPPEL, Idun REITEN, and Sverre O. SMAL@. “Tilting in abelian cat-
egories and quasitilted algebras”. In: Mem. Amer. Math. Soc. 120.575 (1996),
pp. viii+ 88. 1SSN: 0065-9266,1947-6221. DOI: 10.1090/memo/0575. URL: https:
//doi.org/10.1090/memo/0575.

D. HUYBRECHTS. Fourier-Mukai Transforms in Algebraic Geometry. Oxford Uni-
versity Press, Apr. 2006. ISBN: 9780199296866. DOI: 10 . 1093 / acprof : oso/
9780199296866 . 001 . 0001. URL: https://doi.org/10.1093/acprof : oso/
9780199296866 .001.0001.

Dennis S. KEELER. “Ample filters of invertible sheaves”. In: J. Algebra 259.1
(2003), pp. 243-283. 1SSN: 0021-8693,1090-266X. DOI: 10 . 1016 / S0021 -
8693(02) 00557-4. URL: https://doi.org/10.1016/50021-8693(02) 00557 -
4.

Alexander KIRILLOV Jr. Quiver representations and quiver varieties. Vol. 174.
Graduate Studies in Mathematics. American Mathematical Society, Provi-
dence, RI, 2016, pp. xii+295. ISBN: 978-1-4704-2307-0. DOI: 10.1090/gsm/174.
URL: https://doi.org/10.1090/gsm/174.

Janos KOLLAR and Shigefumi MORI. Birational geometry of algebraic varieties.
Vol. 134. Cambridge Tracts in Mathematics. With the collaboration of C. H.
Clemens and A. Corti, Translated from the 1998 Japanese original. Cam-
bridge University Press, Cambridge, 1998, pp. viii+254. ISBN: 0-521-63277-
3. DOIL: 10 . 1017 / CB09780511662560. URL: https : //doi . org/10. 1017/
CB09780511662560.

Janos KOLLAR. “Flops”. In: Nagoya Mathematical Journal 113 (1989), pp. 15-36.
DOI: 10.1017/50027763000001240.

T. Y. LAM. A first course in noncommutative rings. Vol. 131. Graduate Texts
in Mathematics. Springer-Verlag, New York, 1991, pp. xvi+397. 1SBN: 0-387-
97523-3. DOI: 10.1007/978-1-4684-0406-7. URL: https://doi.org/10.
1007/978-1-4684-0406-7.

Qing L1u. Algebraic geometry and arithmetic curves. Vol. 6. Oxford Graduate
Texts in Mathematics, 2002.

Joseph J. ROTMAN. An introduction to homological algebra. Second. Universi-
text. Springer, New York, 2009, pp. xiv+709. ISBN: 978-0-387-24527-0. DOI: 10.
1007/b98977. URL: https://doi.org/10.1007/098977.

The STACKS PROJECT AUTHORS. Stacks Project. https : / / stacks . math .
columbia.edu. 2018.

Michel VAN DEN BERGH. “Three-dimensional flops and noncommutative
rings”. In: Duke Math. ]. 122.3 (2004), pp. 423-455. 1SSN: 0012-7094,1547-7398.
DOI: 10.1215/80012-7094-04-12231-6. URL: https://doi.org/10.1215/
S50012-7094-04-12231-6.

Earl R. WILLARD. “Properties of projective generators”. In: Math. Ann. 158
(1965), pp. 352-364. 1SSN: 0025-5831,1432-1807. DOI: 10 . 1007 /BF01360178.
URL: https://doi.org/10.1007/BF01360178.

56


https://doi.org/10.1090/memo/0575
https://doi.org/10.1090/memo/0575
https://doi.org/10.1090/memo/0575
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
https://doi.org/10.1093/acprof:oso/9780199296866.001.0001
https://doi.org/10.1016/S0021-8693(02)00557-4
https://doi.org/10.1016/S0021-8693(02)00557-4
https://doi.org/10.1016/S0021-8693(02)00557-4
https://doi.org/10.1016/S0021-8693(02)00557-4
https://doi.org/10.1090/gsm/174
https://doi.org/10.1090/gsm/174
https://doi.org/10.1017/CBO9780511662560
https://doi.org/10.1017/CBO9780511662560
https://doi.org/10.1017/CBO9780511662560
https://doi.org/10.1017/S0027763000001240
https://doi.org/10.1007/978-1-4684-0406-7
https://doi.org/10.1007/978-1-4684-0406-7
https://doi.org/10.1007/978-1-4684-0406-7
https://doi.org/10.1007/b98977
https://doi.org/10.1007/b98977
https://doi.org/10.1007/b98977
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu
https://doi.org/10.1215/S0012-7094-04-12231-6
https://doi.org/10.1215/S0012-7094-04-12231-6
https://doi.org/10.1215/S0012-7094-04-12231-6
https://doi.org/10.1007/BF01360178
https://doi.org/10.1007/BF01360178

	Introduction
	Torsion pairs, t-structures, and tilting
	Torsion pairs, t-structures, and tilting
	Properties of torsion pairs

	Perverse coherent sheaves
	Preliminaries
	Definition of perverse coherent sheaves
	Affine base
	General base
	The formal case
	Birational Geometry

	Morita Theory

