CUSPED SPACES FOR HIERARCHICALLY HYPERBOLIC GROUPS, AND
APPLICATIONS TO DEHN FILLING QUOTIENTS

GIORGIO MANGIONI AND ALESSANDRO SISTO

ABSTRACT. We introduce a construction that simultaneously yields cusped spaces of relatively hy-
perbolic groups, and spaces quasi-isometric to Teichmmiiller metrics. We use this to study Dehn-
filling-like quotients of various groups, among which mapping class groups MCG(Sy) of n-punctured
spheres. In particular, we show that MCG(S5) (resp. the braid group on four strands) has infinite
hyperbolic quotients (strongly) not isomorphic to hyperbolic quotients of any other given MCG(Sy)
(resp. any other braid group). These quotients are obtained from MCG(S5) by modding out suitable
large powers of Dehn twists, and we further argue that the corresponding quotients of the extended
mapping class group have trivial outer automorphism groups. We obtain these results by studying
torsion elements in the relevant quotients.

To bake a cake in the eye of a storm; to
feed yourself sugar on the cusp of danger.

Ocean Vuong,
On Earth We’re Briefly Gorgeous,
about Patricia Polacco’s Thunder Cake

INTRODUCTION

Cusped spaces, as introduced in [GMO08, Bow12], are fundamental tools in the study of relatively
hyperbolic groups, with countless applications. These have common feature with Teichmiiller space,
regarded here as a coarse geometric object when endowed with the Teichmiiller metric, in that its thin
part, where the mapping class group action is not cocompact, can be described in terms of horoballs.
We make this precise by introducing a construction that simultaneously yields cusped spaces and
Teichmiiller spaces, using the framework of relatively hierarchically hyperbolic spaces (HHSs) from
[BHS17b, BHS19]. The starting point of this construction is a relatively hierarchically hyperbolic
group (HHG), for instance a relatively hyperbolic group or a mapping class group, satisfying a technical
condition that we defer to Definition 2.3. For the reader familiar with hierarchical hyperbolicity, the
construction consists, roughly, in replacing the hyperbolic spaces at the bottom of the hierarchy with
combinatorial horoballs; this is described in more detail below, and implemented in Definition 2.9.
With this in mind, the first properties of our construction are:

Theorem A. Let G be a relative HHG satisfying Definition 2.3, and let Z be its cusped space as in
Definition 2.9. Then:

(1) Z is a hierarchically hyperbolic space;

(2) G acts on Z and the orbit maps are coarse embeddings;

(3) if G is relatively hyperbolic, then Z is quasi-isometric to the cusped space of G;

(4) if G is a mapping class group, then Z is quasi-isometric to the corresponding Teichmiiller space
with the Teichmiller metric.

We expect our cusped spaces to serve as a general-purpose tool in the future. For instance, it might be
possible to use them to prove the Farrell-Jones Conjecture for a large class of relative HHGs combining
techniques from [DMS23] and [Barl7]. In this paper we focus on applications to the study of “Dehn
filling like” quotients, of the type considered in [DHS21, BHMS24, MS26]. In particular, we prove the
following, where S,, denotes the n-punctured sphere and B,, is the braid group on n strands.
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2 G. MANGIONI AND A. SISTO

Theorem B. (1) Let n =5 be an integer. Then there exists a non-elementary hyperbolic quotient
Q of By such that any homomorphism ¢: B, — Q has virtually cyclic image.
(2) Letn = 6 be an integer. Then there exists a non-elementary hyperbolic quotient Q of MCG(Ss)
such that any homomorphism ¢: MCG(S,) — Q has finite image.

Theorem B gives a strong way to distinguish By (resp. MCG(S5)) among all other braid groups (resp.
mapping class groups of spheres) using infinite hyperbolic quotients; this is in analogy with profinite
rigidity results, where finite quotients are used instead. We emphasise that Theorem B is extremely
delicate: for instance, a finite-index subgroup of B, for n = 5 surjects onto By (by forgetting strands),
whence onto any quotient of it. This subtlety is reflected in the proof of Theorem 6.1, which implies
both statements of Theorem B and crucially uses properties of finite subgroups of MCG(S,,).

The quotients @ arising in Theorem B are in fact all virtually of the form MCG*(S5)/DTx, where
DTy is the normal subgroup generated by all N-th powers of Dehn twists. For suitable N, these were
shown to be hyperbolic in [DHS21]. Understanding torsion in these groups is the key to proving the
theorem above, and we can also exploit this knowledge to control their automorphism groups.

Theorem C. There exists Ny > 0 such that, for all multiples N of Ny, the group Gn = MCG*(S5)/DTy
satisfies Aut (Gn) = Gn.

In [MS25], we proved an analogue of Theorem C for MCG¥(S,)/DTx where n > 7, but the
proof there is completely different in nature (it first establishes quasi-isometric rigidity, relying on a
sufficiently rich pattern of quasiflats and results from [BHS21], and then uses that automorphisms
give quasi-isometries). Though the remaining case n = 6 cannot be tackled with the tools from
[MS25], one can likely use methods similar to the ones we use here to settle it, provided that a certain
technical improvement on [BHMS24] can be achieved. We believe it can, and we explain this further
in Remark F.

We also point out that, by combining existing results in the literature and using completely different
tools, one could already deduce that the outer automorphism group of Gy is finite (see Remark 5.23).
Roughly, property (FA) for MCG*(S5) implies that the Gy are rigid in the sense of JSJ theory, but
this type of argument cannot prove that outer automorphism groups are trivial rather than finite.

In the case of relatively hyperbolic groups, sequences of peripheral quotients can be studied via the
corresponding quotients of cusped spaces, which turn out to be uniformly hyperbolic; this is exploited
for instance in [DG18]. Inspired by this, we consider sequences of Dehn filling quotients of short HHGSs,
a particularly simple class of HHG introduced in [Man24]. Notably, MCG¥(S5) is a short HHG, and
the quotients Gy from Theorem C are examples of Dehn filling quotients (see Notation 5.5). The
following result, which is the starting point towards all the aforementioned applications, establishes that
the corresponding quotients of cusped spaces are “uniform”, in analogy with the relatively hyperbolic
case. We refer to Remark 1.10 for details of the notion of “uniformly HHS”.

Theorem D. Let G be a short HHG, with cusped space Z. There exists Ny > 0, such that the spaces
Z/DTx for all multiples N of Ny are uniformly HHS.

It was proven in [HHP23|, using injective spaces, that all HHGs have bounded torsion. The proofs
in fact give a bound depending on the underlying HHS data, so if a family of groups acts uniformly
properly on a uniform family of HHS (such as the collection Z/DTy from Theorem D) then the bound
on torsion will be uniform. Because of this, we are able to show the following, which we state for
MCG(S5) only for simplicity even though an analogue holds for all short HHGs.

Corollary E. There exists Ny > 0 such that, for all multiples N of Ng, any finite-order element of
MCG(S5)/DTy is the image of an element of MCG(Ss) which is either finite-order, stabilises a curve,
or swaps two disjoint curves.

We expect that a similar result can be obtained for all quotients of mapping class groups by suitable
powers of Dehn twists, as well as the further quotients constructed in [BHMS24]. We explain the
currently missing technical statement in Remark F below.
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Outline and strategies. In Section 1 we recall necessary background, in particular about the com-
binatorial approach to hierarchical hyperbolicity from [BHMS24]. Very roughly, one can extract a
HHS structure from hyperbolic simplicial complexes where all links are also hyperbolic. Inspired by

[HMS23], we consider simplicial complexes obtained via the following “blowup” procedure: starting

. . .. ~ = (0) .
from a “supporting” simplicial complex X, every vertex v € X © is then replaced by the cone over a

certain graph L, thus ensuring that L, appears as a link in the blown-up graph. This is a fairly broad
setting, as a lot of naturally occurring HHSs admit a combinatorial structure of this type by results
from [HMS23].

In Section 2 we describe the (relative) combinatorial HHSs that we will consider, which we call
(relative) squid HHS and as mentioned above are blow-ups. See Figure 3 to visualise where this notion
fits among other version of hierarchical hyperbolicity. Section 2 also contains the construction of cusped
spaces, which is done by replacing each L, with the combinatorial horoball over it. Theorem 2.12
summarises the main properties of this construction, and in particular proves the first two items of
Theorem A. It is possible to extend the construction beyond (relative) squid HHGs, but this requires
different techniques and will be done in [HPZ].

In Section 3 we verify that our construction indeed applies to many (relative) HHSs, and that
it yields cusped spaces of relatively hyperbolic groups and Teichmiiller space (the last two items of
Theorem A). There we also prove Proposition 3.4, which is of independent interest and could prove
useful elsewhere as well. Roughly, the Proposition says that, when starting from a HHS structure and
passing to a combinatorial version of it, as in [HMS23], the associated projections between domains
remain coarsely the same.

In Section 4 we establish Theorem 4.2, which allows us to control torsion elements in quotients of
(relative) HHGs with controlled geometry. As mentioned above, this uses arguments from [HHP23],
applied to the action on our cusped spaces.

We leverage our control on torsion in Section 5, where we study automorphisms of quotients of
short HHGs. Towards this, we firstly show Theorem D(=Corollary 5.10); the latter, combined with
Theorem 4.2, immediately yields Corollary 5.11, which is a more general version of Corollary E about
finite subgroups in quotients.

Having established this, the goal of Theorem 5.19 is to extract a simplicial automorphism of a
certain graph from a group automorphism; for MCG(S5)/DTy, this graph is the quotient of the curve
graph by DTy. To this extent, the strategy (for MCG(S5)) is roughly to characterise images of Dehn
twists in MCG(S5)/DTx as those elements that have a sufficiently large finite order, and a sufficiently
large centraliser (we need the latter to rule out images of multi-twists).

In turn, every automorphism of the quotient of the curve graph is induced by a mapping class, by
an analogue of Ivanov’s theorem we proved in [MS25], so Theorem C(=Corollary 5.22) follows from
Theorem 5.19.

In Section 6 we prove Theorem 6.1 and both parts of Theorem B as corollaries, again exploiting
knowledge about torsion, and in particular using that torsion elements have “very large” normal closure
in mapping class groups of spheres. This should be compared to several results in the literature where
torsion is used to constrain homomorphisms between mapping class groups [HK05, CL24].

Remark F. Let S be any finite-type surface, and let MCG(S) be its mapping class group. It is
shown in [BHMS24] that MCG(S)/DTy, for N deep enough, is a combinatorial HHG. However, the
structure found there is not a squid HHG structure, meaning a structure as in Section 2: this is because
the underlying graph X, which is the corresponding quotient of the curve complex, is not a blowup.
Nonetheless, one can blow up each vertex of X to a cone over a quotient of an annular curve graph.
We expect this should yield a relative squid HHG structure with uniform constants over all N large
enough; this would almost immediately give generalisations of Theorem D (on cusped spaces being
uniformly HHS) and Corollary E (about torsion elements in quotients). Most likely, this would also
allow one to extend Theorem C (on automorphisms of quotients) to the six-punctured sphere; recall
that the cases with more punctures are covered by [MS25]. Finally, it would also be a starting point
for more general versions of Theorem B (on different mapping class groups having different hyperbolic
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quotients); however, since quotients by large powers of Dehn twists are in general not hyperbolic, a
one-to-one analogue of Theorem B would probably require uniform relative squid HHG structures also
for the further quotients studied in [BHMS24].

Acknowledgements. We thank Arthur Bartels and Rémi Coulon for suggesting possible future ap-
plications of cusped spaces.

1. BACKGROUND

In this Section, we gather all definitions and tools from the world of (combinatorial hierarchical)
hyperbolicity that we shall need. We first recall here a construction of Groves-Manning [GMO08], see
also [Bow12], inspired by horoballs in real hyperbolic spaces.

Definition 1.1. Let ' be a simplicial graph. The combinatorial horoball Hor (T') with base T' is the
simplicial graph whose vertex set is I'® x N, and with the following two types of edges:

e For every pe I'® and n e N, (p,n) is adjacent to (p,n + 1);
e For every p,q e T® and n e N, if dr(p, ¢) < 2" then (p,n) is adjacent to (g,n).

We often denote (p,n) € T© x N simply by p".

The base T' is naturally contained in the corresponding combinatorial horoball, but it is not quasi-
isometrically embedded into it. Rather, it is coarsely embedded, in the sense of the following definition:

Definition 1.2 (Coarse embedding). Given two metric spaces (X,dx) and (Y,dy) and positive real
functions m, M = R>¢ — Rx( such that m(t) T too amap f: X > Y is a coarse embedding if
—+00

for every z,2' € X,
m (dx(z,2")) < dy(f(2), f(2') < M (dx(2,2")) .

M and m are called the coarse embedding functions of f.

In real hyperbolic spaces every horosphere is a coarsely embedded copy of the Euclidean space inside
the corresponding horoball. Analogously, combinatorial horoballs satisfy the following:

Lemma 1.3 (See proof of [GMO08, Lemma 3.10]). The inclusion I' < Hor (T') is a uniform coarse
embedding. More precisely, for every x,y € T'(?), dbor(r) (7, y) = %10g2(dr (z,9)) + 1.

Geodesics in combinatorial horoballs admit a similar description as those in real horoballs, and one
can use this to show:

Theorem 1.4 ([GMO8]). There exists 6o > 0 such that, for every T', Hor (T') is dg-hyperbolic.

To summarise, combinatorial horoballs give a way to coarsely embed any graph into a hyperbolic space.

1.1. Pills of combinatorial hierarchical hyperbolicity. We recall here the notion of a combinato-

rial HHS from [BHMS24]. For the whole section, let X be a simplicial graph, with vertex set Y(O), and
let W be an X -graph, that is, a simplicial graph whose vertex set is the set of all maximal simplices
of X. We conflate X with the flag simplicial complex that has X as the 1-skeleton, and in particular
often refer to cliques in X as simplices of X. The main theorem of [BHMS24] describes conditions
on a pair (X, W) to ensure that W is a hierarchically hyperbolic space. We now gather the required
terminology to phrase these conditions.

Given two subgraphs A, B of X (by which we always mean full subgraphs), if B < Linkx (A)
we write A «+ B to denote the full subgraph spanned by A U B©). Moreover, we set Star (4) =
Linkx (A) = A.

Links of simplices will correspond to hyperbolic spaces of an HHS structure. Because of this, we
are interested in simplices that have the same link.
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Definition 1.5 (Saturation). For A, A’ simplices of X, we write A ~ A’ to mean Linky (A) =
Linkx (A’). Let [A] be the ~—equivalence class of A, and let
(0)
Sat(A) = | | &’
A’e[A]

Let & the set of ~—classes of non-maximal simplices in X.

The hyperbolic spaces of the HHS structures we will be interested in are not exactly links in X (in
most cases there are discrete links), but rather we have to add certain edges, as specified below.

Definition 1.6 (Augmented links). Let X+ be the simplicial graph such that:

e the 0-skeleton of XtV is X(0);

o if v,we X© are adjacent in X, then they are adjacent in X +t";

e if two vertices in W are adjacent, then we consider o, p, the associated maximal simplices of
X, and in X" we connect each vertex of o to each vertex of p.

For each simplex A of X, let YA be the subgraph of X" spanned by (X*")©) — Sat(A). The

augmented link of A is the induced subgraph C(A) of Ya spanned by Linkx (A)(O) (we emphasise that
we are taking links in X, not in X1, and then considering the subgraphs of YA induced by those
links). Note that, if A ~ A’, then YA = YA and C(A) = C(A') .

We are ready to define combinatorial HHS.

Definition 1.7 (Combinatorial HHS). A combinatorial hierarchically hyperbolic space is the data of
a simplicial graph X, an X-graph W, and two constants n,d > 0, satisfying the following:
(1) Any chain Linkx (A1) & - -+ & Linkx (Ag) has length at most n, which is called the complezity
of (X, W).
(2) For each [X] € &, C(X) is d-hyperbolic.
(3) For each [X] € &, C(X) is d—quasi-isometrically embedded in Yy.
(4) For every [A],[X] € & for which there exists [I'] € & such that Linky (') € Linkx (A) n
Linkx (¥) and diam(C(T")) = ¢, there exists a non-maximal simplex IT containing ¥ such that
Linky (IT) € Linkx (A), and all T as above satisfy Linkx (I') € Linkx (IT).
(5) For each [A] € & and v # w € Linkx (A), if v, w are adjacent in C(A) but not in Linkx (A),
then there exist W-adjacent maximal simplices IT,, IT,, such that A x {v} € IT, and A » {w} S
IT,,.

[BHMS24, Theorem 1.18] states that, if (X, W, n,d) is a combinatorial HHS, then W is a hierarchically
hyperbolic space, in the sense of [BHS19, Definition 1.1]. More precisely, the structure on W has & as
domain set and augmented links as coordinate spaces, while relations and projections between domains
are encoded by the following additional definitions.
Definition 1.8 (Relations between domains). Let [A],[A’] € &. Then:

e [A] £ [A'] if Linkx (A) € Linkx (A');

e [A]L[A] if Linky (A’) C Linky (Linkx (A)).
If [A] and [A’] are neither 1-related nor S-related, we write [A]hA[A'].
Definition 1.9 (Projections). Fix [A] € & and define a map 7a;: W — 2€(A) as follows. Let
p: YA — 26(8) be the coarse closest point projection, i.e.

p(z) = {y e C(A): dy, (z,y) < dyy(2,C(A)) + 1}

If w is a maximal simplex of X, the intersection w N YA is non-empty and has diameter at most 1 by
[BHMS24, Lemma 1.15]. Hence set

maj(w) = p(w N Ya),
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and for every w,w’ € W set

diaj(w, w') = deay (m[a)(w), may(w)) -
If [A],[A'] € & satisfy [A]M[A'] or [A'] & [A], set

If [A] = [A], let p%ﬁi] : C(A") — C(A) be defined as follows. On C(A’) n Ya, it is the restriction of p;
otherwise, it takes the value (7.

Remark 1.10 (Uniform combinatorial HHSs). It can be extracted from the proof of [BHMS24, The-
orem 1.18] that, for a combinatorial HHS (X, W, n,¢), all constants and functions involved in the
hierarchically hyperbolic structure depend only on n and ¢ (in particular, the function appearing in
the Uniqueness axiom is explicitly constructed at [BHMS24, page 50]). This is relevant as every coarse
object naturally associated to a hierarchically hyperbolic space, such as its coarse median structure
[BHS19] or its coarsely injective structure [HHP23], ultimately only depends on these constants and
functions. With this in mind, we say that a family of combinatorial HHSs is uniform if they satisfy
Definition 1.7 with respect to uniform constants n and 4.

1.2. Blowup graphs. All the combinatorial HHSs that we consider in this paper will be blowups, in
a sense that we now describe. We note that the combinatorial HHSs constructed in [HMS23], where a
combinatorial structure is given for many HHSs, are also all blowups: this will be explored further in

Section 3.2 below.
), a set L,, the blowup of X

is the graph X defined as follows. For every v € Y(O)

Definition 1.11. Given a simplicial graph X and, for every v € Y(O

with respect to {L,} , X contains the cone

ex®
Cone (v) = {v} * {L,}. Given v,w € Y(O)7 Cone (v) and Cone (w) span a join in X if their apices v
and w are adjacent in X, and are disjoint otherwise. See Figure 1.

We call X the support graph, L, the base of the cone below v € Y(O), and the pair (X, {Lv}vef(‘”)
the blowup data. When the blowup data is not relevant or clear from context, we say that X is a

blowup graph.

Cone(w)

(L,)© (L)
FIGURE 1. The blowup of two adjacent vertices of X.

Notation 1.12. If X is the blowup of (X, {Lo}, @)

by the apices of the cones. Let p: X — X be the 1-Lipschitz retraction mapping every cone to its
apex. If ¥ is a simplex of X, we denote p(X) by X, which is the support of .

we identify X with the subgraph of X spanned

Given a simplex © of X, together with ~a point p € L, for every v € @(0), we denote the X -simplex
spanned by {v, p},.g by © = (v,p),cg- If © is maximal in X then © is maximal in X, and all maximal
simplices of X are of this form.

For every v € Y(O)
so [A,] is E-minimal.

we denote by A, any simplex of X whose link is L,. Notice that L, is discrete,
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Links in a blowup admit a natural decomposition in terms of blowups of links and parts of cones,
as described in the following lemma.

Lemma 1.13 (Decomposition of links [HMS23, Lemma 4.3]). Let ¥ be a simplex of X. Then
Linkx (X) = p~! (Linkg (X)) * (*vef“’) Linkcone(v) (X N Cone (v))) .

Corollary 1.14. Any X-simplex ¥ is of one of the following types:
e Bounded type: Linkx (X) is either a single vertez or a non-trivial join.
e Blowup type: for each v € f(o), we have that ¥ n Cone (v) is an edge.

e Cone type: 3 = A, for some v € Y(O).

The following feature of intersections of links is a common property for combinatorial HHSs (for
example, it holds for curve graphs of surfaces, as explained in [BHMS24, Remark 6.6]).

Definition 1.15. A simplicial graph I" has cleanish intersections if, for every two simplices X, ® of T,
there exist two simplices II, ¥ such that 3 < IT and

Linkr (X) n Linkp (®) = Linkr (IT) = 0.
We conclude this section with a technical lemma saying that blowups preserve cleanish intersections.

Lemma 1.16. Let X be a blowup of a graph X. If X has cleanish intersections then X has cleanish
intersections.

Proof. Let &, ® be simplices of X. We want to find two simplices IT, ¥ such that 3 < II and Linkx (X)n
Linkx (®) = Linky (IT) » . Since

Linkx (¥) n Linkx (®) = Linky (X * (® n Linkx (¥))) n Linkx (®),

we first replace 3 by X/ == ¥ x (® n Linky (X)). Now let ¥ be a (possibly trivial) X-simplex inside
Link+ (fl) N Links (6) such that

Links <§/> N Link (®) < Star (V) ,

and which is maximal with this property. Then

Linky (') n Linkg (®) = (Linkg (3 + ¥)  Linkg (7)) « T.
Since X has cleanish intersections, there exist two simplices ©, ¥ c Link~ (il * @) such that
Linkg (' + ¥) n Linkg (8) = Linkg (¥« T+ 8) + ¥
and by maximality of ¥ we must have that ¥ = ¢§. Summing up, we proved that
(1) Linkg (') n Linky () = Linkg (S« 7+ 0) « T.
We now construct the simplices IT and ¥ that we need. Let ¥ = WU, seen as a simplex of X. Let

M=% U« O, and define a simplex II with support II as follows:

o Ifv e ¥ —Star (®), let IInCone (v) be an edge containing X' nCone (v), so that Linkcene(s) (IT n Cone (v)) =
;

o Ifve nStar (®), let I~ Cone (v) = X' n Cone (v). In particular, Linkgope(y) (I n Cone (v))
and Cone (v) N Linkx (¥') n Linkx (®) coincide;

e If v e O, let IT N Cone (v) be an edge;

o If v e, let Il » Cone (v) = {v}, so that Linkcone(y) (ILn Cone (v)) = L.
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/

IT n Cone (v) ) Link+ (il)
[ ¥ n Cone (v) /
Link (®) ¥ n Cone (

v) v whenever v e ¥

X — Star (®) | complete X’ n Cone (v) to an edge | choose an edge whenever v € ©

FIGURE 2. Schematic representation of II. Each cell describes how II n Cone (v) is

defined whenever v € Y(O) belongs to the area given by the intersection between the

row label and the column label: for example, if v € 5" A ® we have that IT~ Cone (v) =
¥ n Cone (v).

It is clear by the first two bullets that IT extends X', so we are left to show that

Linkx (®) n Linky (X') = Linkx (IT) » ¥.
Firstly ¢ < Linky (®) n Linkx (X’) by construction. Next, let v € Linkx (II) € Linkx (¥'), and
we claim that v € Linky (®). By inspection of Lemma 1.13, we must have that either p(u) € 5,
or p(u) € Links (il *@). In the first case, a careful inspection of how we defined II shows that

u € Link x (), and moreover u € Linkx (¥) since Te Link (¥). Otherwise p(u) € Links (i/ * @) c

Link (®), and therefore u € Linkx (®); this also shows that u € Link (i/) N Link (®) < Star (),

so that again w € Linkyx (¥). We just showed that Linkx (II) and ¥ span a join, and moreover that
Linkx (®) n Linkx (¥') 2 Linky (II) * ¥.

For the converse inclusion, let u € Linkx (®) n Linky (¥'), so that p(u) belongs to Star (i/) N

Star (6) There are two possible cases to consider:

o If p(u) € 3 then Linkcone(w) (I n Cone (v)) = Cone (v) N Linkx (X') n Linkx (®) by how we
constructed II, so u € Linky ().

o Otherwise p(u) € Linky (fl) N Links (®) = Link (IT) = U. If p(u) € Links (II) then u €

Linky (IT). Otherwise p(u) € W, so either u € ¥ = U, or u € Ly(,), which coincides with

Linkcone(p(u)) (II m Cone (p(u))) by construction. In both cases u € Linky (IT) » ¥, as required.
O

2. CUSPED SPACES FOR SQUID HHSs

We will be able to construct a cusped space for any relative HHS with a nice combinatorial structure.
We make this precise in the next definition.

2.1. Squid HHS.

Definition 2.1. A squid HHS is a combinatorial HHS (X, W, n,§), where X is a blowup of a graph X
with cleanish intersections. A relative squid HHS is defined analogously, except that Definition 1.7.(2)
is replaced by:
(2’) For each non-maximal simplex ¥, either C(X) is d-hyperbolic, or ¥ is of the form A, for some
vex?.
We often drop the constants n and § when they are not relevant, and refer to a (relative) squid HHS
simply by (X, W).

Remark 2.2. Notice that, for every simplex ¥ of X, there exists a simplex © of X such that

Linkyx (©) = X. This shows that the dimension of X is bounded above by the constant n, since
every chain of inclusions of simplices in X induces a chain of inclusions of links of simplices of X.
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There is a natural notion of action on a squid HHS, leading to the definition of a squid HHG:

Definition 2.3. Let (X, W) be a (relative) squid HHS, with support graph X, and let G be a finitely
generated group. A G-action on (X, W) is a simplicial action of G on X such that:

e The action preserves X; o
e There are finitely many G-orbits of simplices in X;
e The action on X induces a simplicial action on W.
If moreover G acts geometrically on W, then we say G is a (relative) squid HHG.

The figure below summarises the relations among the various versions of hierarchical hyperbolicity
relevant for this paper.

.~ relative combinatorial "~ relative HHG
(9 \ ) (9
N HHG -

combinatorial HHG
[BHMS24] — .

combinatorial HHS
[BHMS24] > .

FI1GURE 3. The various notions of hierarchical hyperbolicity at play in this paper, with
arrows representing inclusions. Objects from the right column belong to the world
of coarse geometry, while those in the middle and left columns are combinatorial in
nature. At present, a robust definition of a relative combinatorial HHG has not been
devised yet (hence we put this notion in a dashed box). Any reasonable notion should
include both relative squid HHGs and combinatorial HHGs, and provide examples of
relative HHGs.

relative squid HHG
(Definition 2.3)

[BHS19]

squid HHG
(Definition 2.3)

squid HHS
(Definition 2.1)

Lemma 2.4. Let (X, W) be a relative squid HHS. If G acts on (X, W) then there are finitely many
G-orbits of links of simplices in X.

Proof. Recall that, by Lemma 1.13, the link of a simplex ¥ is given by
Linky (%) = p~* (Links (5)) <*@m) Linkcone(s) (X n Cone (v))) ;

hence Linky (¥) is uniquely determined by the support simplex %, of which there are finitely many
G-orbits, and by the choice of Linkcone(y) (X N Cone (v)) for every v e 7@ , which can either be:

o L, if ¥ n Cone (v) = {v};

o {v} if 3 n Cone (v) € Ly;

e empty if ¥ n Cone (v) is an edge.
Therefore there are three possible choices for every v € i(o), and this concludes the proof that G O X
has finitely many orbits of links. U
As a special case of [BHMS24, Theorem 1.18], we get:

Corollary 2.5. A squid HHG is a hierarchically hyperbolic group.
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2.2. Cusped space: the underlying graph. We construct cusped spaces by modifying squid HHSs
in a natural way; the idea is simply to replace each minimal coordinate space C(A,) with the combi-
natorial horoball over it. We now describe this procedure, starting with the combinatorial aspects.

Notation 2.6. Let (X, W) be a relative squid HHS, with blowup data (X, {Lv}, ). Define X as
the blowup of (X, {L, x N} ). We identify X with the blowup of (X, {L, x {0}} o) inside X.
With a small abuse of notation, we still denote by p: X — X the retraction mapping every cone to its
apex. Let (-)l: X > X map every v € X9 to itself, a£1d every p" = (p,n) € L, x N to pe L,.

For every maximal simplex © = (v,p™"),.g of X, let Depth (©) = max, gm,. We also set

ot = (1)7;07"“)veg‘mpo7 which might be non-maximal.

Lemma 2.7. If A is a )’(\'—simplex and x € )2'(0), then x € Linkg (A) if and only if z' € Linkx (Ai).
In particular Link (A)* = Linkx (AY).

Proof. By construction, two vertices x,y € XO are X—aﬂjaeen‘c if and only if either p(z) = p(y) and
one of x and y coincides with p(z), or p(z) and p(y) are X-adjacent. The same characterisation holds
for X; therefore, since p(z*) = p(x), and similarly for y, we get that = € Link (y) if and only if

xt e Linkyx (yl) Lemma 2.7 now follows by taking the intersections over all y € A%, g

Corollary 2.8. Let A, X be simplices of)A(. Then Links (A) < Linkg (2) if and only if Link x (Al) c
Linkx (34).

Proof. If Link (A) < Linkg (X) then
Linkx (A}) = (Linkg (A)) € (Linkg (£))* = Linky (24),
where we invoked Lemma 2.7 for the equalities. For the converse inclusion, assume that Link x (Al) c

Link x (Ei), and let = be any point in Linkg (A). Then x' belongs to Linky (Al) c Linky (El), and
again z € Link¢ (X) by Lemma 2.7. O

2.3. Cusped space: edges between maximal simplices. Our goal is now to describe the graph
W that makes (X, W) into a combinatorial HHS. Roughly, W “contains” the combinatorial horoballs
over the =-minimal domains of W.

Definition 2.9 (Cusped space). In the setting of Notation 2.6, let W be the )A(—graph where two
maximal simplices ©,2 € X span a W-edge if and only if one of the following happens:

(a) Edge of cusp-type: There exist v € @(0) and p",¢™ € L, x N such that © — 2 = {p"},
E-0={¢"}, and dyg,(c(a, ) (P, 4™) = 1

(b) Edge of W-type: ©F = Z and ©' is W-adjacent to =*.
The cusped space for (X,WW) is the pair ()A( , 17\/\) To avoid ambiguity, we denote augmented links in
(X, W) by C(-).
Remark 2.10. Edges of cusp-type will make sure a copy of the combinatorial horoball on every
minimal domain embeds inside WW. The purpose of the edges of W-type is twofold. On the one
hand, they shall ensure W embeds as a subspace of W; on the other hand, the horoballs will be “well

separated”, meaning that if a point of w projects deep in some horoball then it must project to the
base of any horoball on a transverse domain.

Remark 2.11. If ©,Z € W are W-adjacent, then | Depth (©) — Depth (2) | < 1 by construction.

2.4. Properties of the cusped space. We summarise the crucial properties of cusped spaces in
the following theorem, most importantly that cusped spaces of relative squid HHSs are squid HHSs
themselves.
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Theorem 2.12. Let (X, W,n,0) be a relative squid HHS, and let (X,V/\}) be its cusped space. Then
the following hold:

(A) The inclusion X — X induces an injective coarse embedding i: VW — W. Moreover, the coarse
embedding functions do not depend on any of the data.

(B) There exists §', only depending on &, such that ()?, W,n,é’) is a squid HHS.

(C) Any action of a group G on (X, W) extends to a G-action on (X, VAV)

(D) W is a hierarchically hyperbolic space relative to {C(Ay)}, o -

Item (D), combined with Definition 2.3, readily implies the following:
Corollary 2.13. A relative squid HHG is a relative hierarchically hyperbolic group.

We break the proof of Theorem 2.12 into a series of propositions. Firstly, we prove a quantitative
version of Theorem 2.12.(A):

Proposition 2.14. (A) Let (X, W) be a relative squid HHS. The inclusion X — X induces an
injective coarse embedding W < W. More precisely, for every two mazimal simplices ©,2 € W),

where m is the inverse' of the function n — n2™.

Proof. Let © be a maximal simplex of X, which we can also see as a maximal simplex of X with
O = & and ©' = ©. Thus there is an injection W — W, which maps W-edges to W—edges of
W-type. Since W is an induced subgraph of 17\/\, the inclusion W — W is 1-Lipschitz.

We are left to prove that, if ©,Z € W and D = di5(6,E), then dy (6, E) < D2P . To this extent,
let {9 =0,%,...,5p =Z} be a W—geodesic, and consider the path {$o* = ©,%.%,...,8p' = E
in W.

Claim 2.15. For every i =0,...,D —1, dw (2%, 2i41Y) < 2P.

Proof of Claim 2.15. If ¥; and ¥;1, span an edge of W-type then 3¢ and Ei+1l are W-adjacent,
and therefore dW(Eil,EZ-Hl) < 1. Thus suppose that 3; and ;.1 are joined by an edge of cusp-

type, so that there exist v € Y(O) and Hor (C(Avl))—adjacent points p™,q™ € L, x N such that

¥ — Y1 = {p"} and X;41 — X; = {¢™}. By inspection of Definition 1.1 there are two sub-cases to
analyse. If ¢™ = p"*! then ot = Eiﬂi, and we are done. Otherwise we must have that m = n and
dea,)(p,q) < 27, so there is a C(A,)-geodesic with vertices po = p,p1,...,pr = ¢ for some k < 2".
Since L, x N = Linkx (2; n 3;41), Item (5) for (X, W) then implies that ¥; and 3;,; are at distance
at most k < 2" in W. But now n < Depth (¥;), which by Remark 2.11 is at most D + Depth (Xy) = D,
as required. |

Proposition 2.14 now follows from the Claim, since
D—1
dw(0,8) < ), dw(%i, Sisr) < D27, O
i+0
Before proceeding with the proof of Theorem 2.12, we point out the following:

Lemma 2.16. The inclusion X — X induces an embedding X+ — XHW,

Proof. Firstly, as mentioned at the beginning of the proof of Proposition 2.14, maximal simplices of X
are also maximal simplices of X. Moreover, if p, g € X belong to W-adjacent maximal simplices ®, ¥ of
X, then ® and V¥ are joined by an edge of W-type when seen as simplices of X (recall Definition 2.9.(b)).
This proves that the inclusion X «— X induces a simplicial map X"V — X +VAV, which is injective at
the level of vertices.

IThis function is known as the Lambert W function, and diverges at infinity. See e.g.
https://mathworld.wolfram.com/LambertW-Function.html for more details.
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To prove that the above map is an embeddmg, we are left to show that, if two vertices p, ¢ belong to
W- adjacent maximal simplices 3, © of X respectively, then there exist W-adjacent maximal simplices
of X containing p and ¢, respectively.

If ¥ and © are joined by an edge of cusp-type, then ©—0 = {p}, ©—3 = {¢}, and dHor(c(Ap(m)) (p,q) =
1. Since both p and ¢ belong to X, this means that dC(A,,(m) (p,q) = 1, so p and ¢ belong to W-adjacent
maximal simplices of X.

Otherwise ¥ and © are joined by an edge of W-type, which means that X! and ©' are W-adjacent.
Notice moreover that p € ¥ and ¢ € ©' because they lied in X, and we are done. d

We now prove that the cusped space is a squid HHS:

Proposition 2.17. (B) Let (X, W) be a relative squid HHS. There exists &', only depending on 6,
such that (X, W,n,d") is a squid HHS.

Proof. In what follows, we say that a constant is uniform if it only depends on n and . We check that
each axiom from Definition 1.7 holds for some uniform constant ¢;, and we shall then set 6’ = max; d;.

Ttem (1) follows from Corollary 2.8 and the corresponding axiom for (X, W), with the same constant
n. Regarding Item (2), by the description of links in a blowup from Corollary 1.14, it is enough to
restrict to simplices of either blowup type or cone type. We analyse the two cases separately in
Claim 2.18 and Claim 2.19 below.

Claim 2.18 (Blowup type). Let ¥ be a simplex of blowup type. There exists a 2-quasi-isometry
C(XV) — C(X). In particular, C(X) is 61-hyperbolic for some 81 only depending on §.

Proof of Claim 2.18. Let Link+ (i) ™ be the graph obtained from Link (i) by connecting two

vertices whenever they belong to WW-adjacent simplices, and define Link+ (i) i analogously. By how
we defined W—edges in Definition 2.9, we see that two vertices in Link+ (i) are W-adjacent if and
only if they are W—adjacent, so Link+ (§)+W and Link+ (i) W coincide. Now, since X is a blowup
of X and ¥ is of blowup type, the retraction p induces a quasi-isometry C(X+) — Links (§)+W, and
similarly the inclusion Link+ (i) . C (X) is an isometric, 2-surjective embedding. By keeping track
of the quasi-isometry constants, one sees that the composition C(XV) — C (X) is a 2-quasi-isometry, as
required. |

0)

Claim 2.19 (Cone type). Let A, be a simplex of cone type, for some v € Y( Then CA(AU) ~

Hor (C(Avl)), and is therefore 6o hyperbolic by Theorem 1.4.

Proof of Claim 2.19. The vertex set of (?(Av) is L, x N. By inspection of Definition 2.9, two distinct
vertices p”,q™ € L, x N are adjacent in Hor (C(Aﬁ)) if and only if they are connected in CA(AU) by

an edge of cusp-type. Hence we are left to prove that, if p” € ©, ¢" € Z, where ©,Z € w span an edge
of W-type, then p” and ¢" were already joined by an edge of cusp-type. Indeed, since ©7 = =% and
p™ is not equal to ¢™, we must have that n = m = 0. But then p° € ©' and ¢° € ' are W-adjacent,
meaning that dea, ) (p,q) = 1 and therefore p°, ¢° were already joined by an edge of cusp-type. W

Item (3) is also proven by considering two cases, according to Corollary 1.14:

Claim 2.20 (Blowup type). There exists 62, only depending on &, such that, if ¥ is a simplex of
blowup type, then C(X) da-quasi-isometrically embeds inside Y.

Proof of Claim 2.20. Notice first that every X -simplex with the same link as 3 must itself be of edge
type. This implies that Yy is the p-preimage of p(Ys) in X, so p restricts to a 2-quasi-isometry
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Yy — p(Yx). The same arguments apply to X inside X, and notice that p(Ys) = p(Ys1). Then the
S-quasi-isometric embedding C(X') — Y. induces a uniform quasi-isometric embedding

Linky (5) 7 = Linkg (5) ™Y > p(Yar) = p(¥s).

with constants only depending on ¢, and in turn this induces a d-quasi-isometric embedding C(X) — Ys
for some 2 only depending on §. |

Claim 2.21 (Cone type). There exists 3, only depending on &, such that, if A, is a simplex of cone
type, for some v € Y(O), then CA(AU) d3-quasi-isometrically embeds inside Y, .
Proof of Claim 2.21. The fact that A, is of cone type implies that YA, is spanned by
(Lo xN)u ) A{w}*(Lw xN).
weX —Star(v)

YA, uniformly retracts onto Y A, defined as the subgraph of X+ spanned by

(L, x N) U (X — Star (v)).
Let YAU¢ be the subgraph of X" (hence of X+W by Lemma 2.16) spanned by

L, x {0} U (X — Star (v)).
1>T£)tice that, if p" € L, x N and w € X — Star (v) are W—adjacent, then n = 0, by how we defined
W-edges in Definition 2.9. Hence
2) Ya, = é(Av) Ye(ant) ?Av¢~
We shall now prove that C (A,) is uniformly quasi-isometrically embedded in Y o,, and therefore in

Ya,. Fix any Y o, -geodesic v connecting two points a,b € L, x N, and we shall prove that its length
£() is bounded below by a linear function of dg(a )(a, b). By Equation (2), v can be decomposed as

a concatenation 1y * A * ... % 7, where each n; is a geodesic in 5(Av) and each ); is a geodesic in
Y a,+ with endpoints 29,49 € C (A,'). Furthermore, by Item (3) applied to (X, W), there is a constant
D = D(9) such that C(A,") is D-quasi-isometrically embedded in Ya,:- Then

deca )(x?,y?) < dcmvl)(x?,y?) < DU(N) + D.

v

In turn, this means that
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Moving to the remaining items of Definition 1.7, the fact that X has cleanish intersections, which
follows from Lemma 1.16, implies Item (4) as in the proof of [BHMS24, Theorem 6.4] (more precisely,
at the beginning of the paragraph named “(X, W) is a combinatorial HHS”).

We finally address Item (5). Let © be an X-simplex and z,y € Link (©) be distinct vertices which

belong to W-adjacent maximal simplices ¥, and 3. If the latter span an edge of cusp-type then there

exists v € X such that z,y € Ly x N and dgorc(a,))(z,y) = 1. Since z,y € Link (©), we must have
that v € Star (@), so © can be completed to two maximal simplices connected by an edge of cusp-type

and containing = and y, respectively. Suppose instead that ¥, and 3, span an edge of W-type. Then
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Y= E;j, and since z,y are distinct we must have that x,y € X, so x,y € Linkx (@l) by Lemma 2.7.
By Item (5) applied to (X, W), there exist two W-adjacent X-maximal simplices II, 2 x * ©% and
I, 2 z = ©'. If we call ¥, the X-maximal simplex such that Ut =0t ad ¥,' = II,, and we define
¥, analogously, then ¥, 2 zx 0, ¥, 2 y* 0O, and ¥,, ¥V, span an edge of W-type. This concludes
the proof of Item (5), and in turn of Proposition 2.17. O

Remark 2.22. If (X,W) was a genuine squid HHS, not just a relative one, another approach to
proving Claim 2.21 would be to use that YAM is hyperbolic by [BHMS24, Proposition 3.3] (which is
the key step in the proof that a combinatorial HHS is indeed a HHS). This would give a closest-point
projection from ?Aw to its quasiconvex subset C(Avl ). For a relative squid HHS we cannot use
[BHMS24]; however, if Y 5 1 was hyperbolic relative to C (A,Y), we could still use that closest-point
projections to peripheral subsets of relatively hyperbolic spaces are coarsely Lipschitz (see [Sis13] for
general results about these projections).

It can in fact be extracted a posteriori from our arguments and [BHMS24, Proposition 3.3] that
relative hyperbolicity indeed holds. Indeed, Ya, is quasi-isometric to ?Aw with a combinatorial
horoball glued onto C(Avi), and via [BHMS24, Proposition 3.3] we know that Y, is hyperbolic. This
implies that ?Avl is hyperbolic relative to C(A,'), as this is one of the characterisations of relative
hyperbolicity.

Proposition 2.23. (C) Let G be a group acting on a relative squid HHS (X, W). Then the action
extends to a G-action on (X, W).

Proof. For every g € G, v € 7(0)7 and p" € L, x N, set g-p™ = (g-p)" € Ly, x N, where g- v is
the image of v under the action on X, seen as a subgraph of X. By inspection of Definition 2.9, this
induces an action on )7\/\; furthermore, G still acts on X with finitely many orbits of simplices, and
therefore we just defined a G-action on (X, 17\/\) O

Proposition 2.24. (D) Let (X,W) be a relative squid HHS. Then W is a hierarchically hyperbolic

space relative to {C(Ay)}, < -

Proof. As in Definition 1.5, let & be the collection of ~-equivalence classes of non-maximal simplices
of X, with the relations = and | as in Definition 1.8. It follows from Lemma 2.7 that the relations ~,
=, and L are the same if we consider links in X or in X. For every [2] € & let C(X) and C(X) be the
associated augmented links in (X, W) and in ()A( , 17\/\), respectively.

For every [X] € &, let mpyy: W — C(X) be the projection from Definition 1.9. If £ = A, for

~

some v € Y(O), then Equation (2) shows that C(A,) separates C(A,) from the rest of Ya,. As a
consequence, given w € W, its projection 7, j(w) must intersect C(A,), since it is defined as the

coarse closest point projection of w N Ya, to C(A,). We then define 7T[iA W - C(A,) by setting
W[lAv](w) = a1 (w) N C(A,).

If instead X is of edge-type, C(X) and C(X) are uniformly quasi-isometric, so we can always replace
one with the other (in the presence of a group action, we can also choose the quasi-isometry to be
Stabg (X)-equivariant). Therefore we define W[lz] : W — C(X) as the composition of 7y, restricted to

~

W, with the fixed identification C(X) — C(X).

We now prove that the data (W,&,C(-), ') make W a relative hierarchically hyperbolic space,
by checking the axioms of [Rus20, Definition 2.8] (which is equivalent to the original formulation
from [BHS19]). We shall often use without reference that, since (X, W) is a combinatorial HHS by
Proposition 2.17, then (17\/\, S, CA(), ) is a hierarchically hyperbolic space by [BHMS24, Theorem 1.18],
and therefore satisfies all axioms.

All requirements only involving £ and |, which only depend on X, follow exactly as in the proof
of [BHMS24, Theorem 1.18], so we focus on those involving projections and coordinate spaces.
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(1) (Projections.) For every [X] € &, the coarse map ﬂ[lz] : W — C(X) is surjective since every

vertex of C(X) can be completed to a maximal simplex of X. If 3 is not of the form A, for
any v € Y(O), then w[lE] is uniformly coarsely Lipschitz, as it is the composition of the coarsely

Lipschitz map 7s): W — C(%) with the quasi-isometry C(X) — C(X). If instead & = A,
and w,w’ € W are W-adjacent, then d@(Av)(W[AU](w), T[a,](w’)) is uniformly bounded; hence

dC(Av)(W[lAU](w)vWéA,U](wl>) is uniformly bounded as well, since C(A,) is uniformly coarsely
embedded in C(A,) by Lemma 1.3.

(2) (Nesting and transversality.) Whenever [X],[©] € & are such that [X] & [O], there

(3)

(4)
(5)

(6)

exists a uniformly bounded subset p[ leC £(©), defined as in Definition 1.9. Since [©] is not
[>]

E-minimal, C (@) and C(©) are qua51—1sometrlc, S0 plg] 18 uniformly bounded in C(0) as well.
Similarly, if [S]h[©] € & and © is not of the form A, for any v e X (]

, then Ple] is
uniformly bounded in C(0) as well. If instead © = A, then p € C(A,), as it was defined
]

using the coarse closest point projection YA, — C (AU). Hence p% Al is uniformly bounded in

C(A,), as the latter is uniformly coarsely embedded in C(A,).

(Consistency.) The consistency inequalities for ()A( ,17\/\) impose uniform bounds involving
certain m-projections in C () and the relative projections between domains. As above, one can
deduce analogous uniform bounds involving the corresponding m!-projections in C(-), using the
uniform coarse embeddings C(-) — C(-).

(Hyperbolicity of non-minimal domains) Whenever ¥ # A, for any v € Y(O), C(X) is
uniformly quasi-isometric to the §'-hyperbolic space Cf (X).

(Bounded geodesic image.) Let w,w’ € W and [X], [0©] € & be such that [¥] & [©]. Since
C(Y) is uniformly coarsely embedded in c(z (), there exists a constant B = B(d") such that,
if dc(z)(w[l (), [lz]( ’)) > B, then d; ey (Trs) (w), g (w')) > ¢'. By the bounded geodesic
image axiom for (X, VV)7 every C(0)-geodesic from me1(w) to mej(w) must therefore pass

¢’-close to p%e]].

Now let v be a C(0)-geodesic from w[l@] (w) to W[i@] (w), and let 4 be its image under the

quasi-isometry 5(6)) — C(0O) (here we are using that [©] is not C-minimal). Then 7 is a
uniform quality quasi-geodesic, which is within uniform Hausdorff distance from a geodesic
by the Morse lemma for hyperbolic spaces Morse lemma (see, e.g., [BH99, III.H.1.7]). Hence
~ must pass uniformly close to p%]], thus proving the bounded geodesic image property for
(X, W).

(Partial realization.) Let {[X;]} be a finite collection of pairwise orthogonal domains, to-
gether with a choice of points p; € C(%;)(?). Since Linky (¥;) € Linky (Linky (X;)) for all
i # 7, the points p; span a simplex in X, so they belong to a maximal simplex w € W(O). As
argued in the proof of [BHMS24, Theorem 1.18] (see [BHMS24, page 43]), w is a realisation
point for the collection in ()2 , 17\/\), and therefore in (X, W) since all coordinates p; were taken
(Large links.) By the arguments from [Dur23, Section 4.8], it is enough to check the passing
up aziom, as defined in e.g. [ABM*25, Definition 4.1.(12")]. The passing up axiom for (X, 17\/\)
provides the existence of a function P: Ry — Ry with the following property. Let ¢t > 0,

[X] €6, and w,w' e W. If dg g, (w, w') > §" for a collection of domains {[@i]}f:(? C G nested

in [], then there exists a non-maximal simplex = of X such that [Z] = [S], [E] properly
contains some [0;], and dg(z)(w, w’) > t. Since Linkg (E) = Links (E}), up to replacing =

by =¥ we can assume that Z < X.
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Now let E' > 0 be such that, for every [0] € &, if d¢(e)(w,w’) > E, then dg(@) (w,w") > ¢,

which exists as C(0O) is uniformly coarsely embedded in CA(G) Hence, if d¢(e,)(w,w’) > E for
a collection {[91]}5? as above, then the passing up axiom for (X, )7\/\) produces a simplex =
as above, such that d¢(z)(w,w’) > dg s (w,w") = t. This proves that the passing up axiom is
satisfied by (X, W), with the same function P and with §’ replaced by E.

(8) (Uniqueness.) If w,w’ € W and r € R are such that desy(w,w') < 7 for every [X] € 6,
then dé(z)(w,w’) < desy(w,w') < r. Then the uniqueness axiom for ()?,W) yields that
dis(w,w’) < 6(r) for some function 6: Ryy — Rsp. In turn, since W — W is a coarse

w
embedding by Item (A), dyy(w,w’) is also bounded in terms of r. O

3. SOME EXAMPLES

We now present some constructions of relative squid HHSs and HHGs, and describe the associated
cusped spaces; further examples (namely short HHG) will be discussed in Section 5.1 below.

3.1. Relatively hyperbolic groups. Here we first construct a relative squid HHG structure for
relatively hyperbolic groups (subject to natural finiteness conditions); then we recognise the associated
cusped space as the augmented space, in the sense of e.g. [Hrul0, Definition 4.3].

Lemma 3.1. A finitely generated group G, which is hyperbolic relative to a finite collection P of
finitely generated subgroups, is a relative squid HHG.

Proof. Let S be a finite generating set for G, such that S n P generates P for all P € P, and let dg be
the associated word metric on G. We shall prove that G has a relative squid HHG structure (X, W),
where:

e X is the discrete graph whose vertices are cosets of the subgroups in P;

o forevery ge Gand Pe P, Lyp = gP(O);

e For every g,g' € G, P,P' € P, z € gP and 2’ € ¢'P’, the maximal simplices (¢gP,z) and

(¢’ P’,2") span a W-edge if and only if dg(z,z') < 1.

It is clear that X has cleanish intersections. We now check the axioms from Definition 1.7. Item (1)
follows from Lemma 1.13 and the fact that X is discrete. For Item (2), C(&) = X W is isometric to
the coned-off graph, which is obtained from the Cayley graph Cay (G, S) by adding a cone over each
coset of the peripherals, and is hyperbolic by e.g. [Hrul0, Theorem 5.1]. We also notice that, for every
gP e G/P,C(Ayp) = gCay (P,S n P).

Moving to Item (3), Ya,, = X — {gP} retracts onto C(Ayp) since there is a coarse closest point
projection G — gP, which map other cosets of the peripherals to uniformly bounded sets (see e.g.
[Sis13, Theorem 2.14] and the arguments therein). Item (4) again follows from the fact that X has
cleanish intersections. Finally, if ,y € X belong to the link of a simplex X, then ¥ = {gP} for some
P e P and g € G, and Item (5) follows.

We are left to check that the above defines a relative squid HHG structure for G. This is because G
acts cofinitely on the collection of cosets of peripherals; moreover, the action on X naturally extends
to an action on W, and the latter is isometric to Cay (G, S) by construction. O

Recall from e.g. [HrulO, Definition 4.3] that the augmented space for (G, P) is the graph obtained
from Cay (G, S) by gluing a combinatorial horoball on gP whenever g € G and p € P.

Lemma 3.2. In the setting of Lemma 3.1, the cusped space W is isometric to the augmented space.
Proof. This readily follows by how we constructed W—edges in Definition 2.9. g

3.2. Most HHSs are squid. In [HMS23], together with Mark Hagen, we roughly proved that com-
binatorial HHSs are abundant among all HHSs: given a hierarchically hyperbolic space Z, whose
hierarchical structure & is subject to certain natural requirements, there is a combinatorial HHS
(X, W) such that £ and W are quasi-isometric (see [HMS23, Theorem 3.15] for the statement and
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[HMS23, Sections 3.1 to 3.4] for the requirements). Notably, from the description of the combinatorial
structure in [HMS23, Section 4], one can extract that (X, W) is a squid HHS, where:

e the support graph X is the so-called minimal orthogonality graph, whose vertices correspond
to minimal domains in the structure and edges correspond to orthogonality;

e for a minimal domain V € &, seen as a vertex of X, the augmented link of Ay is quasi-isometric
to the coordinate space CV.

In particular, if G acts on Z geometrically, and there is a “compatible” action on & with finitely many
orbits of collections of pairwise orthogonal domains, then G is a squid HHG.

Remark 3.3. As pointed out in [HMS23, Remark 3.17], in the proof of [HMS23, Theorem 3.15],
hyperbolicity of coordinate spaces for minimal domains in & is only ever used to show that certain
minimal augmented links are hyperbolic. In particular, the arguments there run verbatim to show
that a relative hierarchically hyperbolic space (resp. group), subject to the same assumptions on &
(and on the group action on it), is a relative squid HHS (resp. HHG).

3.2.1. Mapping class group and Teichmdiller space. Here we specialise the above construction to the
mapping class group MCG(S) of a finite-type surface S, and recognise the associated cusped space as
the Teichmiiller space of S. To do so, we must first delve into the various HHG structures for MCG(S),
including the combinatorial one obtained from applying [HMS23, Theorem 3.15].

By a surface we mean a connected, compact, oriented 2-manifold S with finitely many points
removed. Given a subsurface U of S which is not a pair of pants, the associated curve graph C(U)
is the simplicial graph whose vertices are isotopy classes of simple closed curves on U, and adjacency
corresponds to having disjoint representatives. There are two exceptions to this definition: if U is a
sphere with four punctures or a torus with a puncture, we define two curves to be adjacent if they
have the minimal intersection number, which is two on the sphere and one on the torus; if instead
U = A, is an annulus with core curve v € C(S)(?), we define its annular curve graph as the quasiline
from [MMO00, Section 2.4].

As explained in [BHS17b, Theorem G], the mapping class group MCG(S) admits a HHG structure
S where domains correspond to subsurfaces (up to isotopy), and where the coordinate space for a
subsurface is its curve graph (resp. annular curve graph if the subsurface is an annulus). Further-
more, [HMS23, Theorem 9.8] equips MCG(S) with a squid HHG structure (X, W) with blowup data
(X = C(5),{C(Av)}oec(s)y@). By how W-edges are defined in [HMS23, Definition 4.10], unbounded
coordinate spaces correspond to (annular) curve graphs:

e Let v e C(S)® be a curve. Then C(A,) and the annular curve graph C(A,) have the same
vertices, and the identity map is a quasi-isometry ¢a, : C(A,) — C(A,) with uniform constants.

e Let ¥ be a non-maximal simplex of C(S), and let ¥ € X be a simplex of blowup type whose
support is . If we see 3 as a collection of disjoint curves on S, its complement minus the pants
components is an open subsurface Us. Then there is a quasi-isometry ¢5: C(X) — C(Us) with
uniform constants, mapping each curve w € Linke g (i) to its subsurface projection py;.

To make notation compatible between the two bullets, for v € C(S)(?) we also denote A, by U, .

Though we state them for mapping class groups for clarity of exposition, both Proposition 3.4
and Corollary 3.6 below hold in general for any combinatorial HHS structure obtained from [HMS23,
Theorem 3.15], as their proofs shall use no specific properties of mapping class groups. For the ease of
notation, given a simplex ¥ of X and two subsets A, B of either C(X) or C(Uyx), we shall write A ~ B
to denote that diam(A u B) is bounded independently on 3.

Proposition 3.4. Let ¥ be a simplex not of bounded type, and let v e (C(S) — Sat(X))(). Then
p(v) ~ 65" (vt )

where p: Yy, — C(X) is the coarse closest point projection in (X, W), while pé; is the subsurface
projection in &.



18 G. MANGIONI AND A. SISTO

Proof. We split the proof in two cases, depending on whether ¥ is of blowup type or of cusp type.

Blowup type. Suppose first that X is of blowup type. Let II = C(S) be a (possibly empty)
simplex whose link contains both v and Links (i), let IT be a simplex of blowup type supported
on II, and let v = {v = wp,ws,...,w, = w} be a C(II)-geodesic connecting v to a closest point
w e (bil(pé;) < Linkx (). Since IT and ¥ are both of blowup type, we can assume that the geodesic
lies entirely in C(S). We proceed by induction on n = dim(C(S)) — |TI|.

Base case n = 1. We first suppose that II is almost-maximal. Therefore v does not intersect the
saturation of 3, because Linke(g) (IT) is discrete while every point in Sat(X) n Linkc(sy (IT) would be
C(S)-adjacent to w. Then the bounded geodesic image for the combinatorial HHS structure (see e.g.

[Man24, Lemma 1.26]) shows that p(v) ~ w. We now bound the projection of v and w to C(Uy).
Claim 3.5. p;’ ~ ppv.

Proof of Claim 3.5. The path v = ¢n(v) = {pf,l’;,pf,;[” ...,pé;’} is a quasi-geodesic in C(Ur) with
uniform constants. Let ) be a geodesic in C(Upy) with the same endpoints, which by the Morse lemma
(see, e.g., [BHI9, III.LH.1.7]) must lie in a uniform neighbourhood of 4’. The bounded geodesic image
axiom in & implies that one of the following is true:

. p’g; ~ pf};’, and we are done;
e or 7 intersects a uniform neighbourhood of pgﬁ, and therefore so does 7/. Let {pg;["i sy pf,;j }

be the subsegment of 7/ contained in this uniform neighbourhood. Since v’ is a quasigeodesic

with uniform constants, the difference j — 4 is uniformly bounded. Furthermore, for every

k =14,...,j, the projection pé;’“ is well-defined, since the curve w; does not belong to the

saturation of ¥ and must therefore intersect Uy. By how W-edges for the combinatorial

Ay
structure are defined in [HMS23, Definition 4.10], we have that pé;”" ~ py, ' for every k =

. . . . . . A,

i,...,7—1. Finally, again the bounded geodesic image theorem yields that p{}; ~ Py, because

the segment of 4" between these two points does not intersect the uniform neighbourhood of
A, . .

pgi; the same argument shows that p; 7 ~ p’g;. Summing up, we again get that pgg ~ pég,

as required. See Figure 4 to understand the situation. |

Finally, notice that w ~ (i)gl (pé;) since the quasi-isometry ¢x maps w to ,0‘3;’. Summing everything
up, we proved that
p(0) ~w ~ o5" (pdz) ~ 05 (vt -

Inductive step. Suppose now that II is not almost maximal. If v does not intersect the saturation of
¥ we conclude exactly as above; otherwise let v n Sat(X) contain some curve x, which must be unique
because 7 is a geodesic and w € Linkx (X) € Linkx (x). Let v' be the last vertex of y before z. Since
the subsegment of v between v and v’ does not intersect the saturation of ¥, the arguments in the
base case imply that p(v) ~ p(v') and p‘{}; ~ pég.

We now produce a vertex v” € Linke(g) (I * {z}) such that p(v') ~ p(v”) and p’é;' ~ pég”. To this
extent, notice that the edge of v connecting v" and x must either comes from C(5) or is a W-edge. In
the first case v’ € Linkc(sy (IT » {z}), so we set v” = v/ and we are done. In the second case, there are
two W-adjacent maximal simplices ¥, ¥’ of X such that € ¥ and v’ € ¥’. By Item (5) we can assume
that ¥ and ¥’ both extend II. Notice that U n Linke(s) (IT) is not entirely contained inside Sat(X),
since otherwise we would have that ¢J # Linkeg) (E) c Link () (@ N Linke(g) (ﬁ)), and the

latter is empty because ¥ is maximal. Hence there exists v” € (¥ n Linkeg) (II)) — Sat(X). Since v/

and v” are adjacent in C(IT) and none of them belongs to Sat(X), the above arguments, applied to the
geodesic {v',v"}, show that p(v') ~ p(¢v”) and pgg' ~ pgg”.
Finally, since by construction v” and Link x (X) are both contained in the link of any blowup-type

simplex supported on II * {z}, the inductive hypothesis gives that p(v") ~ (bgl (pé;"). Summing

Linkc(s)
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FIGURE 4. On the left, the situation in Linky (IT). The geodesic v (the dashed
line) only consists of W-edges, because it lies in Linke(g) (ﬁ)+w and Linke(g) (II) is
discrete. Furthermore, no point w; on v belongs to the saturation of X.

On the right, the image of v under the quasi-isometry ¢ is a quasi-geodesic «/,
which fellow-travels a geodesic n (here, the continuous line). The bounded geodesic
image theorem implies that all segments of +' outside a uniform neighbourhood of pgi
(here, the dotted circle) have uniformly bounded projections to C(Uy). Furthermore,
a uniformly bounded segment of +/ can intersect said neighbourhood, and any two
points in this segment have close projections to C(Us;) by how W-edges are defined in
the combinatorial structure.

everything up, we proved that
— Av// — Av/ — Ay
p(v) ~ p(v') ~ p(U”) ~ ¢21 (PUZ ) ~ ¢21 (PUZ) ~ ¢21 <pU2> .

Cusp type. The case where ¥ = A, for some u € C(S)® is dealt with similarly, so we focus on
highlighting the differences. As above, let II be a simplex of blowup type whose link contains both v
and Linkx (A,), and let v be a C(II)-geodesic connecting v to a point y € ¢Zi (pﬁz). We can assume
that every vertex of v belongs to C(S5), excluding y which lies in Linkyx (A,). Suppose first that
v N Sat(A,) = &, which means that v does not intersect Linke(g) (u). Let v’ be the last vertex of v
before y. The bounded geodesic image theorem in (X, W) yields that p(v) ~ p(v'). Furthermore, since
v" and y are joined by a W-edge, we have that p(v') ~ y. Hence

p(v) ~ p(') ~ y ~ d5" (p41).

Thus suppose that v N Linke(gy (u) = {z}. Let v" be the last point on 7 before z, and let v” €
Linke(gy (z) which is W-adjacent to v" and does not belong to Linke(sy (u) (again, v” can be found in
any maximal simplex containing x which is W-adjacent to a simplex containing v'). Applying twice
the bounded geodesic image theorem in (X, W) yields that p(v) ~ p(v’) ~ p(v”); on the other hand,
the bounded geodesic image theorem in & implies that ¢gi (pﬁz) ~ nglu (pﬁj) ~ qbgi (p’gz”). We then
repeat the whole argument for v” inside the link of any blowup type simplex supported on I * {x},
and we conclude by induction. O

The following corollary of Proposition 3.4 roughly states that relative projections between domains in
the combinatorial structure, as defined in Definition 1.9, coarsely agree with relative projections in the
original structure &, which are defined using subsurface projections.

Corollary 3.6. Let 3,0 € X be simplices not of bounded type.
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(1) If [O]A[X] or [O] &[], then
P[g]] ~ o5 (ng) ’
[

[g]] is the projection in (X, W) while pgg is the subsurface projection in &.
[X] and x € C(©), then

oSl (@) ~ 03" (pl2 (G0(@))

where p%g}: C(®) — C(X) is the projection in (X, W) while pggz C(Ue) — C(Us) is the
subsurface projection in S.

where p

(2) If[6] 2

Proof. (1) Recall that p%g]] = p(Sat(©)nYy). If © = A, for some v € C(S), then v € Sat(0)NYs, and

since p{g} is uniformly bounded it must uniformly coarsely coincide with p(v); then p(v) ~ ¢35 (pf]‘;)

by Proposition 3.4, and we are done since A, = Ua,.
If instead © is of blowup type, let v € © be such that the projection pé; is well-defined: such a
vertex exists since every subsurface in & which is disjoint from A,, for all w € © must be nested in

Uo. Then, since w € Sat(0©) N Ys, we again have that p%e]] ~ p(v) ~ o5’ (,03;) On the other hand,

since A, and Ug are not orthogonal, pgz ~ pUE by e.g. [DHS17, Lemma 1.5].

(2) If one of pf; °(po(x)) and p{% (x) is empty, then then the diameter of their union is the maximum
of the diameters, Wthh is uniformly bounded, and there is nothing to prove. We therefore assume

that both subsets are non-empty. Recall that p%g]]( ) is non-empty precisely when z € C(0) n Yy,

and in this case p%g]] (z) = p(z). Furthermore, let v € C(S)® be such that x € Cone(v). Then

pUE ©(po(x)) is non-empty precisely when A, intersects Uy, or equivalently if v € Y, and in this case

pUZ (¢o(x)) ~ pf};. Finally, p(z) ~ p(v), as v and z are adjacent in Y, and in turn p(v) ~ ¢5" (p32>
by Proposition 3.4. Combining the above yields that

il (@) = () ~ p(o) ~ 65 (pify) ~ 65" (o0 (G0 (@))) 0

We are now ready to prove that the cusped space for a mapping class group coincides with its Te-
ichmiiller space. The core idea is that, since the two spaces admit HHS structures with the same
domains and coordinate spaces, and since relative projections between domains in the two structure
coarsely coincide by Corollary 3.6, the two spaces must essentially coincide, and indeed the Realization
theorem [BHS19, Theorem 3.1] produces an explicit quasi-isometry.

Proposition 3.7. The cusped space for the mapping class group of a finite-type surface is quasi-
isometric to the corresponding Teichmaller space, equipped with the Teichmiller metric.

Proof. By [BHS17b, Theorem GJ, the HHS structure for Teich (S) with the Teichmiiller metric has
the same domains and coordinate spaces as that for MCG(S), except that each annular curve graph is
replaced by the combinatorial horoball over it. Relative projections are again defined using subsurface
projections, so they are the same as for MCG(S).

Now let (X, W) be the combinatorial HHG structure for MCG(S), and let ()2' W\) be the associated

cusped space. All projections between domains in W are defined using the coarse closest point pro-
jections Yy, — C( ), which away from C( ) restrict to the projections Yy, — C(3V), as explained in
the proof of Proposition 2.24. In particular, relative projections between domains in ()/(\' , V/\7) coincide
with the corresponding relative projections in (X, W) when restricted to X.

We now define a quasi-isometry W — Teich (S). For every w e W, let by, = (mz)(w)) € ]_[CA(E)
be the tuple of its coordinates, where [X] varies among all simplices not of bounded type. The
tuple b,, is consistent, which roughly means that it satisfies certain inequalities relating coordinates
in b, and relative projections between domains (see [BHS19, Definition 1.17]). Now let ¢(b,) =
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(ggg (mg)(w))) € H@(Ug), where €(Ug) is the coordinate space for Uy in the structure for Teich (5)
and ¢y : (?(E) — CA(Ug) is the quasi-isometry induced by ¢x: C(X) — C(Usx). Corollary 3.6 implies that
¢(by) is again consistent, because relative projections in the combinatorial structure and in the original
structure coarsely coincide. In turn, the Realization Theorem for consistent tuples [BHS19, Theorem
3.1] produces a point f(w) € Teich (S) whose coordinates roughly coincide with ¢(b,,); furthermore
f(w) is coarsely unique, meaning that every point with the same properties is within uniformly bounded
Teichmiiller distance from f(w).

We just deﬁned a coarse map f: W — Teich (S), and we claim that is coarsely Lipschitz. To see
thls let w,w' € 1% span an edge. Slnce coordinate projections are coarsely Lipschitz, and since each
s, is a quasi-isometry, we have that (;52( 1(w)) ~ ¢g( 1(w")) for all [¥]. Then the uniqueness
axiom [BHS19, Definition 1.1.(9)] implies that fw) ~ f(w ) as their coordinates are uniformly close.

The same arguments yield a coarsely Lipschitz, coarse map g: Teich (S) — I//I\/, defined by mapping
each point € Teich (S) to a realisation point for the tuple ¢5' (7 (z)) € [T1C(%). It is then clear
that f and g are quasi-inverses, thus proving that f is a quasi-isometry. 0

4. CONTROLLING TORSION

The main result of this Section is Theorem 4.2, which roughly states that, if a group G has a
quotient G which is a relative squid HHG, then every finite subgroup F < G either comes from a finite
subgroup of G or permutes a collection of orthogonal minimal domains. Crucially, this dichotomy
will follow from the fact that the F-action on the cusped space for G has a uniformly bounded orbit,
which either lies in a coarsely embedded copy of G or inside a product of horoballs. We first recall a
definition.

Definition 4.1. Let G be a group and S a generating set. The injectivity radius of a quotient
m: G — G with respect to S, denoted injgm, is the maximum radius of a ball in Cay (G, S) around

the identity which injects inside Cay (é, 7'('(5)).

Theorem 4.2. For every n,d, K = 0 there exists p = p(n,d, K) = 0 such that the following holds. Let
G be a group, S a finite generating set for G, m: G — G a quotient, and F < G a finite subgroup.
Suppose that:

(1) G has a relative squid HHG structure (X, W,n,d);

(2) Some orbit map Cay (é, ﬂ'(S)) — W is a K-quasi-isometry;

(3) injgm = p.
Then either F fizes a non-empty simplex of X setwise, or is the isomorphic image under T of a finite
subgroup F < G of order at most |S|PT1.

Setting G = G in the above Theorem yields:

Corollary 4.3. For every n,d, K = 0 there exists N = 0 such that the following happens. Let G have
a relative squid HHG structure (X, W, n,d). Suppose that, for some finite generating set S of G, some
orbit map Cay (G, S) — W is a K-quasi-isometry. Then every finite subgroup of G of order greater
than |S|N must fix a non-empty simplex of X setwise.

Proof of Theorem 4.2. We shall progressively define constants Ey, ..., Fy, all depending on n, 4, and
K only, and eventually set p = 2Fy.

Let ()A(,);V\) be the cusped space for (X, W), which is a squid HHS with constants n,d = §'(d) by
Proposition 2.17. By [HHP23, Theorem A], there exists Fy > 0 such that W is FEy-coarsely injective.
We will not need the full definition of this property; it will suffice to know that, by combining [HHP23,
Proposition 1.1] and [Lanl3, Theorem 1.2], every finite group acting by isometries on an Ep-coarsely
injective space has an orbit of diameter at most F4, where E; only depends on Fy. We stress that
the construction in [HHP23] ultimately depends only on the constants and functions appearing in
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the definition of a hierarchically hyperbolic space [BHS19, Definition 1.1]; in turn, for the squid HHS
()A(,W\,n,d’), the latter are defined in terms of n and ¢’, as we pointed out in Remark 1.10. This
proves that Ey, and in turn E7, only depend on n and §.

Now let F' < G be a finite subgroup, which has an orbit of diameter at most F; in w by coarse
injectivity. The idea we shall expand upon below is that either this orbit is far from W, and therefore
has “deep” projections to some cusps supported on a simplex of X, or F has a uniformly bounded
orbit in W, hence in G, and therefore its cardinality is uniformly bounded.

Let © = (v,p™),co € WO be a maximal simplex such that diamw(ﬁ' -0) < Ej. Since projections
to coordinate spaces in W are uniformly coarsely Lipschitz, there exists Fs, depending on n, ¢, and
F4, such that for every simplex ¥ of X ,

(3) diamg ) (F - ©) < B,

Now let
V=ﬁ-{ve@(0) | my = Ea + 1},
that is, the orbit of the supports where the depth of © is greater than E5. We claim that any two

u,v € V are adjacent in X. Indeed, up to the action of ﬁ', assume that v € @(0) and u € f @(0) for

some f € F. If u and v were not adjacent, then the projection of f-© to C(A,) would be contained
in C(A,), and therefore

C(A (f 0,0) = dé(Av)(C(Av),pm”) =my = By + 1,

contradicting the definition of Ey in Equation (3).

The above shows that V spans a simplex of X, which is preserved by F.IfV # & we are done, so
suppose otherwise. We will prove that F has uniformly bounded cardinality, by showing that it has
a uniformly bounded orbit in Cay (é,w(S )) To see this, first notice that the cardinality of © is at

most the dimension of X, which is bounded by n by Remark 2.2. Hence, by how we defined W—edges
in Definition 2.9, we see that
@ (9i Z My < NEs,
ve®”

where we used that each m,, is at most E5 since V is trivial. This proves that the F-orbit of ©' has
diameter at most E7 + 2nFs in W; in turn, by Proposition 2.14 the diameter of the same orbit in W is
at most E3 == (Ey +2nEy)2F1+2F2  Since some orbit map Cay (é, w(S)) — W is a K-quasi-isometry,
there exists a constant E; depending on K and E3 (and so ultimately on K, n, and d) and some heG
such that

diamCay(ém(S))(F . h) < E4

Since G acts by isometries on its Cayley graph, this implies that the conjugate F’ == h~1Fh is contained
in the ball of radius E, around the identity of G.

Now let p = 2F,, so that the ball B of radius 2F, around the identity of G injects inside C~¥; in
particular, 7(B) contains F. Let F' := 7~ '(F")n B, so that 7 restricts to a bijection between F” and F”.
Notice that F’ is contained in the ball B of radius E4 around the identity, so |F'| < |B’| < |B| < |S|°*1.
Moreover F’ is a subgroup: for every f,g € F’, the product fg still belongs to B, since

deay(a,9)(f9,1) < dcay(a,9)(f, 1) + dcay(a,5)(9, 1) < 2E4 = p.

Hence fg is the unique preimage of 7(f)7(g) € F”' inside B, and must therefore belong to F’. Summing
up, we proved that F’ is the isomorphic image under 7 of a subgroup of G of order at most |S|*1;
in turn, since F o= ?flﬁﬁ, for any h € G such that w(h) = T the subgroup F = hF'h™! projects
bijectively to F' and has order at most |S|P+L, as required. O
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We record an immediate application of Theorem 4.2 to relatively hyperbolic groups, which recovers
[DG18, Lemma 4.3].

Corollary 4.4. Let G be a finitely generated group which is hyperbolic relative to a finite collection
P = {Py,..., P} of finitely generated peripheral subgroups. For every i = 1...,k let H; < P; be a
normal subgroup, and let N = ((H;));=1,... . There exist a finite subset F < G and a constant M > 0,
both depending only on G and P, such that, if each H; intersects F trivially, then any finite subgroup
of GIN is either:

e the isomorphic image of a subgroup of G of order at most M ;

e or is conjugated inside the image of a peripheral.

Proof. Let S be a finite generating set for GG, and let dg = 0 be a hyperbolicity constant for the graph
obtained from Cay (G, S) by adding a cone over each coset of the P,. Let p = p(dp,n = 3, K = 1)
be the constant given by Theorem 4.2. The relative Dehn filling theorem [Osi07, GMO08] states that
there exists a finite subset F < G such that, if each H; misses F, then G/A is hyperbolic relative
to w(P) = {P;/H,}i=1,.. k, and the injectivity radius of 7: G — G/N is at least p. Now, Lemma 3.1
endows G/N with a relative squid structure (X, ), where:

o W= Cay (G/N,n(9));

e X is the discrete graph whose vertices are cosets of the P;/H;;

e X™W is the graph obtained from Cay (G/N,7(S)) by adding a cone over each coset of the

P,/H;.

In particular, (X, W), n,J) is a relative squid HHS, where n = 3 and ¢ is the hyperbolicity constant of
X+tW_ In turn, up to enlarging F, we can ensure that the latter is bounded in terms of §y. This can
be deduced from [Osi07, Lemma 5.3], which gives a bound on the relative isoperimetric inequality for
the quotient coned-off graph. Finally, notice that there is an isometry Cay (G/N,m(S)) — W, which
in particular is a K-quasi-isometry with K = 1. Hence Theorem 4.2 implies that any finite subgroup
of G/N of order greater than M := |S|? must fix a point of X, and is therefore conjugated inside a
peripheral. O

5. AUTOMORPHISMS OF DEHN FILLING QUOTIENTS OF SHORT HHGS

In this Section we leverage Theorem 4.2 to control the automorphism groups of certain quotients
of short HHGs. These groups, introduced by the first author in [Man24], are a broad family of squid
HHGs including Artin groups of large and hyperbolic type, RAAGs on triangle- and square-free graphs,
graph manifold groups, and the mapping class group of a sphere with five punctures.

5.1. Background on short HHGs. We first recall the definition and some properties of short HHGs.

Definition 5.1. A short HHG is a group G admitting a combinatorial HHG structure (X, W) such
that:

(1) X is the blowup of a triangle- and square-free graph X, such that every connected component
of X is not a point.

(2) G acts on X with finitely many orbits of edges;

(3) For every v € Y(O), there is an extension 0 — Z, — Stabg (v) P H, — 0, where H, is a

hyperbolic group and Z, is a cyclic subgroup of Stabg (v) acting trivially on Link+ (v).

(4) For every v € X and 9€G, Zgy = 9Zpg "t .

(5) For every v € Y(O), Z, acts geometrically on C(A,) and with uniformly bounded orbits on
C(Ay) for every w € Link (v).

X is called the support graph. For every v e Y(O), we call Z, the cyclic direction for v. Moreover,

Item 5 implies that C(A,) is a quasiline if Z,, is infinite, and is uniformly bounded otherwise.

Remark 5.2. Notice that short HHGs are squid HHGs by construction: X is a blowup of X, and the
latter has cleanish intersections simply because it does not contain triangles nor squares.
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Remark 5.3. If v,w € Y(O) span an edge, and if Z,, is infinite, then Z, and Z,, commute. Indeed,
every g € Z,, normalises Z,, so it acts on Z,, as either the identity or the inversion swapping a generator
of Z, with its inverse. However the second possibility does not happen, since Z, acts loxodromically
on C(A,) while Z,, acts with uniformly bounded orbits, and therefore cannot “flip” a quasiaxis for Z,,.

Definition 5.4. A short HHG G, with support graph X, is colourable if there exists a partition of the
vertices of X into finitely many colours, such that no two adjacent vertices share the same colour, and
the G-action on X preserves the partition. This property, which is a special case of the general notion
of a colourable HHG (see e.g. [HP22, Section 3]), is satisfied by most known short HHGs, including
all the examples mentioned at the beginning of this section.

5.2. Dehn filling quotients. We now clarify which quotients of short HHGs we are interested in.

Notation 5.5. Let G be a colourable short HHG with support graph X, as in Definition 5.1. Suppose
that all cyclic directions {ZU}UeY“” are infinite.

For every N € Nyg let DTy = (N ZU>U€Y(0>, which is a normal subgroup of G, and let Gy =
G/DTy the associated Dehn Filling quotient, with quotient map 7y : G — Gy. Set Xy = X /DTy,
and for every v € Y(O) let vy be its image in Xy. Let Z,, = Z,/(DTn N Z,), and let H,, =
Stabay (VN) /Zyy - Given any short HHG structure (X, W) with support graph X, set Xy == X/DTy
and Wy = W/DTy.

We say that a property P holds if N is deep enough if there exists Ny such that, whenever N is a
non-trivial multiple of Ny, G satisfies P.

For the whole Section, we always work under Notation 5.5. We now collect and expand results from
[MS26], our main goal being to show that deep enough Dehn filling quotients fit the framework of
Theorem 4.2.

Lemma 5.6 ([MS26, Corollary 3.40]). The injectivity radius of ny: G — Gn (with respect to any
finite generating set for G) goes to infinity for N deep enough and N — co.

The following proposition summarises the structure of deep enough Dehn filling quotients of a short
HHG, and it is essentially contained in [MS26]. The last item is the most subtle one; while it describes
bounded coordinate spaces in the HHS structure, we will need to keep track of these (and especially of
their diameters as a function of N) to obtain uniformity results for sequences of deep enough quotients.

Proposition 5.7. There exists a short HHG structure (X, W) for G, with support graph X, such that
the following hold if N is deep enough:

(i) Gn has a short HHG structure (Xn, Wn).
(ii) For every v € Y(O), Zyy acts trivially on Links (vn), it is normal in Stabg (vn), and the
quotient H,, = Stabg, (vN) /Zyy is hyperbolic.
(#ii) For every v € Y(O), C(A,y) is quasi-isometric to C(A,)/N Z,, and the quasi-isometry constant
does not depend on N.

Proof. Let (X’,W') be any short HHG structure for G, with support graph X. Arguing exactly as

in [MS26, Section 4.1], one can find a natural number Ny and a new short HHG structure (X, W)

such that, for every v € Y(O), the subgroup (NoZuw)weLinky(v) acts on C(A,) with uniformly bounded

orbits. This shows that, if N is deep enough (and in particular a multiple of the above Np), then
(N Zwy)weLinky(v) acts on C(A,) with uniformly bounded orbits, and the bound is independent on N.

Next, [MS26, Theorem 4.1] proves that (X, Wy) is a short HHG structure for Gy, thus yielding
Ttem (i). Furthermore, Item (ii) is [MS26, Lemma 3.42].

Finally, [MS26, Lemma 4.15] identifies C(A,, ) with C(A,)/(DTn n Stabg (v)) (which is denoted
by Ly, there). In turn, since we modified the structure in such a way that (N Zy)weLinks(v) acts on
C(A,) with uniformly bounded orbits, the space C(A,)/(DTn nStabg (v)) is uniformly quasi-isometric
to C(Ay)/NZ,, and this proves Item (iii). O
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The quotients G are all hyperbolic, and non-elementary unless G was either virtually cyclic or a
product:

Lemma 5.8. The following holds if N is deep enough. If G is not virtually cyclic and X s
unbounded, then Gy is non-elementary hyperbolic.

Proof. This is simply [MS26, Corollary 4.22]. We stress that, with the notation from the proof of
Proposition 5.7, it does not matter if we consider the augmented graph in the original structure
(X', W) or in the new one (X, W), since by [BHS17a, Corollary 2.9] both spaces are quasi-isometric
to the space obtained from a Cayley graph of G after coning off all cosets of X-vertex stabilisers. [J

On the one hand, the hyperbolicity constant of Gy (meaning, of a Cayley graph with a fixed generating
set coming from G) must grow as N goes to infinity, as Lemma 5.15 below shows that Gy contains
larger and larger cyclic subgroups. However, the HHG structures for the quotients are actually uniform,
except for the minimal coordinate spaces:

Lemma 5.9. There exist n,d = 0 such that, if N is deep enough, then (Xn,Wn,n,d) is a relative
squid HHS.

Proof. This is [MS26, Remark 4.8]. Roughly, the only coordinate spaces for the quotient whose hy-
perbolicity constants depend on N are the quotients C(A,)/NZ,, which look like circles of diameter
growing linearly in V. O

As an immediate consequence, we get:

Corollary 5.10. Let G be as in Notation 5.5. For all deep enough N, the cusped spaces ()A(N7V/\7N)
are uniform squid HHSSs, in the sense of Remark 1.10.

We can sum the previous results up to get the following control on torsion elements in deep enough
Dehn filling quotients:

Corollary 5.11. Let G be as in Notation 5.5. If N is deep enough, then every finite subgroup F< Gn
satisfies one of the following:

o« F fizes a vertex of X n, or a pair of adjacent edges;
e There exists a finite subgroup F < G such that mn: G — Gy restricts to an isomorphism
F — F.

Proof. Tt is enough to check that the quotient mx: G — Gy satisfies the assumptions of Theorem 4.2
whenever N is deep enough. Fix a finite generating set S for G, and let (X, W) be the short HHG
structure given by Proposition 5.7. Fix w € WO and let K > 0 be such that the orbit map
¢: Cay (G,S) — W sending g to g - w is a K-quasi-isometry. Since ¢ is G-equivariant, the orbit
map Cay (Gy,7n(S)) = Wy sending mx(g) to mn(g) - wy is also a K-quasi-isometry (here wy is
the image of w in Wy). Furthermore, by Lemma 5.9 there exist constants § and n, not depending on
N, such that (Xn,Wn,n,d) is a relative squid HHS whenever N is deep enough. Finally, Lemma 5.6
states that the injectivity radius of G — G diverges as N — 0. g

We can also control torsion elements in H,, , as the following results recognise H,, as a quotient of
H, satisfying the requirements of Corollary 4.4:

Lemma 5.12 ([Man24, Lemma 2.17]). Let v € Y(O), and let U < Links (v) be any collection of
Stabg (v)-orbit representatives. Then H, is hyperbolic relative to the collection {E(Zy)}uew, where
E(Z,) is the mazimal virtually cyclic subgroup containing q(Z,,).

Lemma 5.13 ([MS26, Lemma 3.42]). The following holds if N is deep enough. Let v € Y(O), and let
q: Stabg (v) — H, be the quotient map. Then H, is the quotient of Hy by (Nq(Zu))ueLink (v)-

Combining Lemma 5.13 with Corollary 4.4 we get:
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Corollary 5.14. The following holds if N is deep enough. For every v € Y(O), every finite subgroup
of Hy,, either comes from a finite subgroup of H,, or belongs to the image of E(Z,) for some w €
Links (v), and therefore fizes wy .

5.2.1. Cyclic directions for the quotient. For later purposes, we gather here a few more lemmas about
Dehn filling quotients, again working in the setting of Notation 5.5. The first lemma describes the
image of cyclic directions in the quotient.

Lemma 5.15. The following holds if N is deep enough. For every v € Y(O)

(N Zy)westar(v) and DTy n Z, = NZ,. In particular, Z,, = Z/NZ.

, DTy n Stabg (v) =

Proof. The first conclusion is [MS26, Corollary 3.36]. For the second equality let g € DTN n Z,,. Since
Z, < Stabg (v), by the first conclusion g € (N Zu )westar(v); moreover N Z, is normal in Stabg (v), so
we can write g = hg' where h € NZ, and ¢' € (N Zy)weLinky(v) N Zv- If ¢’ is trivial we are done, so
suppose otherwise towards a contradiction. By [MS26, Corollary 3.37] we have

<NZw>w€Linky(v) = >€kJ NZu7

where J is a certain (possibly infinite) subset of Links (v). If J consists of a single vertex w then
g € NZ, n Z,, and therefore this intersection is non-trivial. This is a contradiction, because the two
cyclic directions have different actions on the quasiline C(A,) by Definition 5.1.(5). Thus suppose that
J contains more than a vertex, and therefore (N Zw>weLink7(v) is a non-abelian free group. Since Z,
is normal in Stabg (v), the square power of g’ lies in the centre of (N Zu )weLink (v), Which is trivial;
in turn, since a non-abelian free group has no torsion, ¢’ itself must be trivial, against our initial

assumption. O

5.2.2. Commuting elements. Next, we prove that commuting elements of G cannot have large dis-
placements on transverse lines: this is an instance of a more general principle that holds for all HHG.
For the following statement, the minimum displacement of an isometry g of a metric space S is defined
as inf,eg dg(z, gx).

Lemma 5.16. There exists E > 0, only depending on G, such that the following holds if N is deep
enough. Fori=1,2 let vl € YSS) and g; € Stabg, (v}v) Suppose that the minimum displacement of
g; on C(AY) is at least E. If g1 and go commute then vy € Star (v%).

Proof. Towards a contradiction, assume that v}, and v3 are not adjacent, so that they yield transverse

(A ] (A2 ]
domains [A,1 ] and [A,z |. Let ra = Pia. iv] < C(A,z,) and r? = p[Aﬁ;] < C(A,y ) be the relative

v

projections between these two transverse domains. Since (X, Wy, n,d) is a relative squid HHS, there
exists a constant £ = F(n,d) > 0, not depending on N, such that the following hold:
e Both 71 and r? have diameter at most E (this is [BHS19, Definition 1.14.(1)]).
e For every ¢ € Wy, min {dC(Au}V)(q’ r?), dc(Av}v)(q,r%)} < F (this is the Behrstock inequality,
[BHS19, Definition 1.14.(4)]).
e There exists p € Wy such that max {dC(AU}V)(p, r%),dc(Av}V)(p, T%)} < F (this follows from
the partial realisation axiom [BHS19, Definition 1.14.(8)], applied to the pair ([A,1 ], r%)).

Now set £ = 4F, and let g1,92 € G be as in the statement. Notice first that, for p as in the third
bullet,

dC(Av}v)(T%agﬂ?) = dC(AU}V)(pa g1p) — dC(AU}V)(pv r}) — diam(r}) > 4E — E — E = 2E,

so the Behrstock inequality yields that dea , )(7‘%, 91p) < E. If we now consider the action of g, on
N

C(szzv)’ the same reasoning yields

de(a,; )(12,92019) = deqa ) (919 92010) = deqa ) (919, 72) — diam(rg) > 2.
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However gag1p = g1g2p, so if in the above argument we swap the roles of v} and v3;, and of g; and
g2, we get that

dC(Av}v)(T%vQ2glp) = dC(Av}V)(r%vgngP) > 2F,
contradicting the Behrstock inequality for ¢ = g2g1p. 0

Corollary 5.17. The following hold if N is deep enough. Fori = 1,2 let {v',w'} be edges of X.

(1) If there exist commuting elements ¢, € Zu}\, and go € Zv}“\,; then v}, € Star (v?v)
(2) If there exist commuting elements g1 € (Zy1, Zyr ) — (Zy1 Y Zyy ) and go € {Zy2, Zy2,) —
(Zv]?\, Y Zwi,)? then {Ujlww]l\]} = {UJQV’ wJQV}

Proof. For every u € Y(O), Z,, acts Ry-coboundedly on C(A,) for some R, > 0, and since there
are finitely many G-orbits of vertices in X there is a uniform bound R on all R,. Furthermore, by
Proposition 5.7.(iii), each C(A,,, ) is uniformly quasi-isometric to C(A,)/NZ,, so Z,, acts on C(A, )
R’-coboundedly for some constant R’ depending on R but not on N. The same Proposition 5.7.(iii)
implies that the diameter of C(A,, ) grows lincarly in N. Since neither R’ nor the constant E from
Lemma 5.16 depend on N, we can find a constant M, again not depending on N, such that if g € Z,,,
has minimum displacement less than E on C(A,, ), then g = 7n (2F) for some |k| < M, where z,
generates Z,,.

Now, if N > 4M, every g € Z,, has a power outside {mn(2¥)}r—_ar.._ar. This shows that, for N
deep enough, any two elements g1, g2 as in Item 1 admit powers with minimum displacement at least
E on the corresponding coordinate spaces, and now we can conclude by Lemma 5.16.

The argument for Item 2 is similar: given v?, w’, and g; as in the statement, it is enough to show that,
for i = 1,2, g; has a power acting with minimum displacement at least E on both C(AU;'V) and C(Aw}'v),
provided that N is deep enough that N > 4M3. For ease of notation we drop the indices and denote
vt = v, w! = w, and g; = g (the argument for i = 2 is identical). Suppose that g = mx (2" 25), for some
—N/2 <71, < N/2 and r,s # 0. If g already lies outside {mn(2¥2")}x n=_as. s then it acts with
minimum displacement at least E on both C(A,, ) and (A, ), and we conclude as above. Otherwise
suppose that |r| < M, and look at g™ = 7 (2"M25M) so that M < [rM mod N| < M?. There are

w

now three sub-cases to consider. If |sM mod N| > M we are done. If 0 < [sM mod N| < M then

g = WN(ZSMQZZ]M2) lies outside {mn(2¥2")} i ne—rr. m by our choice of N. Finally, if sM = 0
mod N then |s| > 4M? > M, so g™+ = ﬂN(zZ(MH)zfv) lies outside {mn (2X20) e ne— i - O

From Corollary 5.17 we can also extract that cyclic directions can be algebraically distinguished from
products of adjacent cyclic directions:

Corollary 5.18. The following holds if N is deep enough. Let v,w be X -adjacent vertices of valence
greater than one, and let © € {Zy\, Zyyy. Then © € Z,, U Zy, if and only if its centraliser Ceq (x)
1s infinite.

Proof. We first notice that, under the above assumption, H, is non-elementary hyperbolic. To see this,
let u € Links (v) — {w}, which exists as v has valence greater than one. If H, was virtually cyclic then
Z,, would intersect (Z,, Z,,y non-trivially. This is impossible since {(Z,, Z,,» fixes w while no element
in Z, does: indeed, every element in Z, acts loxodromically on C(A,), and therefore cannot fix the
projection of w to C(A,).

Moving to the proof of the Lemma, we first suppose without loss of generality that x € Z,,. Then
Cay (x) contains the index-two subgroup of Stabg, (vy) centralising Z,,, so it is enough to prove
that Stabg, (vy) is infinite. In turn, the latter fits into an extension

0 — Z,, — Stabg, (vn) — Hyyy — 0,

so we are left to prove that H,, is infinite. Lemma 5.13 describes H,, as a relative hyperbolic Dehn
filling of the non-elementary hyperbolic group H,; hence, by [Osi07, Corollary 1.6], if N is deep enough
then H,, is non-elementary hyperbolic, and in particular infinite.
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For the converse implication, let © € (Z,,,Zyy) — (Zux Y Zuwy), and let g € Cq,(x). Then
x=grg e {Zgon)s Zg(wn)) — (Zgwn) Y Zg(wy))> by how cyclic directions behave under conjugation;
thus Corollary 5.17.(2) implies that g fixes {vy,wn} setwise. This proves that Cg, (z) is virtually
contained in Stabg, (vy) N Stabg, (wy), which in turn virtually coincides with the finite subgroup
Cpns Zwn ) = Zyn X Zuy by [MS26, Corollary 2.17]. O

5.3. Extracting combinatorial data from automorphisms. We now prove that group automor-
phisms of G induce simplicial automorphisms of X y:

Theorem 5.19. Let G be a colourable short HHG as in Notation 5.5. Suppose further that X has no
valence-one vertices. There exists an integer M, only depending on G, such that the following holds
if N is deep enough. Every group automorphism ¢ € Aut (Gy) induces a simplicial automorphism

¢4 € Aut (YN) such that, for every v € 7(0), b4 (vn) is the unique vertex of Xy satisfying
¢(MZyy) = MZ¢#(®N)'

Proof. Let ¢ be an automorphism of G . For every v € Y(O), Zyy = Zy/(DTN N Z,) is isomorphic
to Z/NZ by Lemma 5.15, and therefore ¢(Z,, ) = Z/NZ since ¢ is an automorphism. Let g generate
d(Zyy). Our next goal is to invoke Corollary 5.11 to show that a uniform power of g fixes an edge of
X n; later we will choose ¢ (vn) as one of the endpoints of such edge.

Claim 5.20. There exists M € N, only depending on G, such that the following holds for deep enough
N. There exist X -adjacent vertices v',w’ such that g™ e (Zwp, s Zu, -

Proof of Claim 5.20. Firstly, recall that a hierarchically hyperbolic group contains finitely many conju-
gacy classes of finite subgroups, by [HHP23, Theorem G]. In particular, we can choose N deep enough
that G contains no subgroup isomorphic to Z/NZ. Hence, by Corollary 5.11 there exists a non-empty
simplex ¥ of X which is preserved by ¢(Z,,). Notice that X y is triangle-free, and therefore ¥ is

either a single vertex or an edge; either way, there exists v’ € X such that g% € Stabg, (V).

Now let g: Stabg, (vy) — H,y, = Stabg, (vly) /Z.,, be the quotient map. By Corollary 5.14 there
exists a constant M’ such that either q(g?) has order at most M, or q(g?) € E(Zy)/NZ, for some
w’ € Link (v'). In the former case M e Zy 5 in turn, since M’ only depends on the isomorphism
type of H,:, of which there are finitely many since G acts cofinitely on the vertices of X, there exists a
power of g, only depending on GG, which belongs to Zy,, - In the latter case, since Z, has finite-index
in E(Z,), a uniform power of ¢(g?) must belong to q(Z,,), and again we can choose this power to not
depend on either v’ or w’ as there are finitely many G-orbits of edges in X. |

Now, since X has no valence-one vertices, Corollary 5.18 yields that the centraliser of any element in
Z,, is infinite, and the same must be true for ¢(Z,,) as ¢ is an isomorphism. In particular g™ has
infinite centraliser, and again Corollary 5.18 implies that ¢ € Z,(vy) Where ¢ (vN) is either vl
or w). Notice moreover that, since M does not depend on N, we can choose N to be a multiple of
M. Then (¢™) = ¢(MZ,) is a subgroup of Z,_,(,\) = Z/NZ of order N/M, and it must therefore
coincide with MZy , (4 )-

We also point out that ¢4 (vx) is unique. Indeed, suppose towards a contradiction that g™ e Zyy,
for some viy # ¢ (vnN), so that Zy, (,y) N Zyy, have a non-trivial intersection. Corollary 5.17.(1) would
then imply that v}y € Links (¢ (vn)); but then Z,, would act geometrically on C(A,y ) and with
uniformly bounded orbits on C(Ag, (,y)), contradicting the existence of a non-trivial intersection.

We are left to prove the following:

Claim 5.21. Whenever N is deep enough, ¢4 : X — X is a graph isomorphism.

Proof of Claim 5.21. 1t is enough to prove that ¢ maps edges to edges, since then the same argument
applied to ¢~ will produce an inverse fof ¢. Hence let vy, wy be X y-adjacent. By Remark 5.3, the

subgroups M Z,, and MZ,, commute, and therefore MZy, () and MZy, () must commute as
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well. Now Corollary 5.17 shows that ¢4 (vn) € Star (¢4 (wn)); moreover, since cyclic directions have
trivial intersection, we get that ¢4 (vn), ¢4 (wy) are X y-adjacent, as required. |

The proof of Theorem 5.19 is now complete. g

We now apply the above theorem to the extended mapping class group of a five-punctured sphere
(where we allow orientation-reversing mapping classes) to prove an analogue of a celebrated theorem
of Ivanov [Iva97]:

Corollary 5.22. Let G = Mcgi(55) be the extended mapping class group of a five-holed sphere. If
N is deep enough, then Aut (Gy) = Gn.

Proof. We first check that G fits the framework of Theorem 5.19. Indeed, in [Man24, Section 2.3.1]
the first author argued that G admits a colourable short HHG structure, where:

e the support graph X is the curve graph, which has no valence-one vertices;
e cyclic directions are the infinite subgroups generated by half Dehn twists.

Now let Gy — Aut(Gy) be the natural map, sending every element to the corresponding inner
automorphism, and we want to show that this map is an isomorphism. For surjectivity, let ¢ €
Aut (Gy) be an automorphism, and let ¢4 € Aut (YN) be the associated graph automorphism from
Theorem 5.19. By [MS25, Theorem 5.11], the map Gy — Aut (Xy) induced by the action is an
isomorphism. In particular there exists g € G such that ¢4 coincides with the action of g on X y.

This implies that, for every v € Y(O),
(M Zyy) = MZy

’UN)'

Arguing as in [Iva97, Section 3], we will now show that ¢ coincides with the conjugation by g. Indeed,
for every f € G,

¢(MvaNf_1) = ¢(MZf(UN)) = MZQf(UN)’

where we used that fZ,,f ! =2 f(vy) by how half Dehn twists behave under conjugation. However

¢(MfZUNf71) = ¢(f)¢(MZUN)¢(f)71 = MZ¢>(f)g(vN)'

Since the cyclic directions of two distinct vertices of Xy intersect trivially, the above computation

shows that gf(vn) = ¢(f)g(vy) for all v e Y(O), or in other words ¢(f) = gfg~! as automorphisms
of X . Then again [MS25, Theorem 5.11] shows that ¢(f) must coincide with gfg~* for all f € G,
thus proving that ¢ is the conjugation by g.

We are left to prove injectivity of the map G — Aut (Gy), or equivalently that G has no centre.
To see this, notice that, if ¢ € G and the image of any half Dehn twist commute, then the above
arguments show that g acts trivially on X y, and again [MS25, Theorem 5.11] implies that g must be
trivial. g

Remark 5.23. We can rephrase the above Theorem by saying that the outer automorphism group
of Gy is trivial. However, the fact that Out(Gy) is finite could already be extracted from results in
the literature. Indeed, by [DHS21, Theorem 5.8.(2)], G is non-elementary hyperbolic, so classical
work of Paulin and Bestvina-Feighn, among others [Pau91, BF95], proves that G has finite outer
automorphism group unless it admits a splitting over virtually cyclic subgroups. The latter does not
happen because mapping class groups have Serre’s property (FA) by [CV96], and this property passes
to quotients.

6. DISTINGUISHING BRAID GROUP AND SPHERES

We conclude the paper by proving that the four strand braid group (resp. the mapping class group
of a sphere with five punctures) can be recognised from the braid groups on more strands (resp. the
mapping class groups of spheres with more punctures) by its non-elementary hyperbolic quotients.
This will prove the two parts of Theorem B.
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We first set up some notation and recall some well-known facts, referring to [FM12] for all the
details.

The groups. For n > 4, let S,, be a sphere with k punctures, let MCG(S,,) be its usual mapping
class group (so we do not allow orientation-reversing homeomorphisms), and let MCG(S,,, *) be the
finite-index subgroup of MCG(S,,) fixing a given puncture. Also, let B, be the braid group on n
strands, which is the mapping class group of a n-punctured disk D,,. The two mapping class groups
are related via the capping homomorphism, giving a short exact sequence

(4) 0= (T) = By — MCG(Ss1,%) — 0

where T is the Dehn twist around the boundary of D,; in turn, forgetting the puncture gives a
surjection MCG(S,+1,*) > MCG(S,,), called the forgetful map.

Generators. B, is generated by the half Dehn twists 7 = 71,...7,_1 = 7 on the curves
V1. Yn—1 from the left of Figure 5. Furthermore, a (slightly redundant) generating set for the
pure braid group PB,, which is the finite-index subgroup of B, fixing all punctures, is given by the
Dehn twists around the curves {nfj}1<i<]‘<n from the right of Figure 5 (notice that ; = 77;;-“ =Niit1
foralli=1,...,n—1). Any two half Dehn twists are conjugate inside B,,.

V1 V3 Vs

QOO0

V2 V4

FIGURE 5. On the left, the half Dehn twists around the curves -; generate the braid
group. On the right, the pure braid group is generated by the Dehn twists around
the curves nfj for 1 < i < j < n (here we only drew some). 77;’r ; passes above the
punctures between the ith and the jth, while 7, ; passes below them.

Abelian quotients. The abelianisation of B,, is infinite cyclic, generated by the image of 7, and T’
maps to n(n—1) inside the abelianisation. As a consequence, the abelianisations of both MCG(S,,+1, *)
and MCG(S,,) are finite cyclic.

Torsion. Finite-order elements in MCG(S5) are topologically conjugate to rotations, fixing at most
two punctures and cyclically permuting the others, and therefore have order at most 5 (see e.g. [FM12,
Section 7.1.1]). Furthermore, the subgroup fixing a pair of disjoint curves is generated by the half Dehn
twists around those two curves.

The following is the main technical statement of the section:

Theorem 6.1. Let n = 6 (resp. n =5). Then there exists a non-elementary hyperbolic quotient Q of
MCG(Ss5) (resp. MCG(Ss,*)) such that any homomorphism B, — @ has virtually cyclic image.

Before proving Theorem 6.1, we show that it implies both parts of Theorem B.

Corollary 6.2. For everyn = 5, there exists a non-elementary hyperbolic quotient Q' of By such that
any homomorphism B,, — Q' has virtually cyclic image.

Proof. Let @ be the quotient of MCG(Ss5) from Theorem 6.1 (resp. of MCG(S5, ) if n = 5), and let
@' be the image of MCG(S5, *) inside @ (resp. let Q' = @ if n = 5). Since @' has finite index in @,
it is also non-elementary hyperbolic, and it is a quotient of MCG(S5, ), hence of By via the capping
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homomorphism. Furthermore, every map B,, — @’ is in particular a map B,, — Q, and must therefore
have virtually cyclic image. O

Corollary 6.3. For every n > 6, there exists a non-elementary hyperbolic quotient Q of MCG(Ss)
such that any homomorphism MCG(S,) — @ has finite image.

Proof. Let @ be the quotient of MCG(S5) such that any homomorphism B,, — @ has virtually cyclic
image, and let ¢: MCG(S,) — @ be any homomorphism. Composing the capping homomorphism
B,, —» MCG(Sy+1,*), the forgetful map MCG(Sy41,*) —> MCG(S,), and ¢ yields a homomorphism
B, — @, so ¢ must have virtually cyclic image.

By [Mac96, Lemma 3.2], an infinite virtually cyclic group surjects onto either Z or the infinite
dihedral group Dy, =~ Z/2+7/2, so it is enough to exclude that MCG(S,,) surjects onto these. Towards
this, recall that the abelianisation of MCG(S,,) is finite cyclic; therefore MCG(S,,) does not surject
neither onto Z nor onto D, (which maps onto the non-cyclic Abelian group Z/2 x Z/2). O

We will prove both statements of Theorem 6.1 at the same time, highlighting the adjustments needed
for the case n = 5 in parentheses. For the sake of light notation, let H = B,,, let G = MCG(S5) (resp.
MCG(Ss, #) if n = 5), and let X be the curve graph of S5. The arguments from [Man24, Section 2.3.1]
show that G' admits a colourable short HHG structure, with support graph X and cyclic directions
generated by half Dehn twists. Fix a positive integer M, and let

(5) N’ = M((n—1)*)!and N = N’(5n)!

We require that M is deep enough that the quotients G, G+, and Gy all satisfy the properties from
Section 5.2.

We will argue that Q = Gy, which is non-elementary hyperbolic by Lemma 5.8, is the desired
quotient. Consider a homomorphism ¢: H — Gp. We shall consider various cases depending on the
image of 7, each case corresponding to one of the lemmas below.

Lemma 6.4. If ¢(7) has infinite order then ¢(H) is virtually cyclic.

Proof. Let E < Gy be the maximal virtually cyclic subgroup containing ¢(7), which exists by e.g.
[DGO17, Lemma 6.5]. E contains the centraliser of ¢(7) by [DGO17, Corollary 6.6]; therefore ¢(7;) € E
foralli = 3,...,n—1, since y; and 7; are disjoint for 7 in this range. Notice also that ¢(7’) is conjugated
to ¢(7), so it must have infinite order as well; in particular, F is also the maximal virtually cyclic
subgroup containing ¢(7’), and therefore its centraliser. Finally, since there are at least 5 punctures,
7' = 7,—1 and T commute, and the same argument shows that ¢(72) € E. We thus proved that ¢ maps
the generating set {71,...,7,—1} inside the virtually cyclic group E, and therefore ¢(H) is virtually
cyclic. O

Remark 6.5. In the argument above we only used that Gy is hyperbolic, so in fact any homomorphism
from H to a hyperbolic group has virtually cyclic image provided that 7 has infinite order.

From now on, we assume that ¢(7) has finite order. Towards applying Corollary 5.11, we look at the
fixed point set of ¢(7) inside X y.

Lemma 6.6. If ¢(7) does not fix any simplex of X 5 setwise, then ¢(H) is finite.

Proof. For every 1 < i < j < n—1such that j —1 > 1, let F;; = {¢(r;), ¢(7;)), which is a finite
Abelian subgroup of Gx. Since ¢(7), hence any of its conjugate, does not preserve any simplex of X y,
Corollary 5.11 yields that each Fj; is the isomorphic image under ¢y of a finite subgroup Fi’j < G,
which must therefore be Abelian. By [Stu04, Theorem 3], each Fi'j is isomorphic to a subgroup of
either Z/4 or one of the Dihedral groups D3 = Z/3 x Z/2 and Dy =~ Z/5 x Z/2. Notice that Abelian
subgroups of these three finite groups are cyclic, so F;; = {¢(7;)) = {¢(7;)) (here we are using that
¢(7;) and ¢(7;) have the same order as they are conjugate). Hence ¢(H) = (Fij)1<i<j<n—1 = {P(T))
is finite, as required. O
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In view of Lemma 6.6, we henceforth assume that ¢(7) is an element of the setwise stabiliser of a
simplex of X setwise. We now describe such an element:

Lemma 6.7. Let g € Gy be a finite order element.
(1) If g fizes an edge {vn,wn} of Xn setwise, then g2 € (Zyy, Zuwy -
(2) If g fizes a vertex vy of X n, but does not preserve any edge setwise, then g9 € Z,, for some
2 < q < 3; furthermore, g fizes no vertex of X n other than vy .

Proof. (1) As a consequence of [MS26, Corollary 3.18], the setwise stabiliser of {vy,wx} is the my-
image of the setwise stabiliser in G of any edge {v, w} = X lifting {vy,wn}. This is generated by the
half Dehn twists around v and w and by any involution swapping v and w, so g2 is the image of a
multitwist.

(2) Let v € X be a representative for vy. Since g does not fix any wy € Links  (vn), Corol-
lary 5.14 yields that the image of g inside H,,, comes from a finite-order element r of H,. By inspection
of [FM12, Section 7.1.1], r is either a rotation of angle 7 fixing two punctures, or a rotation of angle
27/3 fixing one puncture. In turn, depending on the rotation angle, r admits a lift R € Stabg (v)
which is a square root of the Dehn twist 7" around v, or a cubic root of T or T2, respectively. Thus
g = mn(h°R), where h is the half Dehn twist around v, whose square is T, and s € Z. This immediately
shows that ¢? € Z,,, where 2 < ¢ < 3 is the order of r. For later purposes we also notice that, since
g =mn(h*R) and R is a root of a small power of T, some power of g2 acts on C(A,, ) with minimum
displacement greater than the constant E from Lemma 5.16.

We now prove that vy is the only fixed point of ¢ in X y. Indeed, by assumption g does not fix any
wy € Links (vy). Moreover, if g fixes some uy ¢ Star (v ), then gZ,yg™" = Zy(uy) = Zuy; hence
the square power of g commutes with Z,,, , contradicting Lemma 5.16. g

We momentarily leave the case where ¢(7) lies in a cyclic direction for later, and deal with the others
in Lemma 6.8 and Lemma 6.9 below.

Lemma 6.8. Suppose that ¢(7) fizes an edge {vn,wn} of X n setwise, but does not belong to either

Zyn OF Zoyy . Then ¢(H) is finite.

Proof. By inspection of Lemma 6.7.(1), the square ¢(7)? belongs to (Z,, Zwy - If ¢(72) is trivial
then all its conjugates are also trivial. In this case ¢ vanishes on the pure braid group, which has finite
index in H, and therefore ¢(H) is finite.

Suppose now that ¢(72) = 2y %y 18 non-trivial, and notice that both r and s must be non-zero
since we are assuming that ¢(7) ¢ Z,, U Zy, . Let o be the half Dehn twist around any of the curves
n;fj from Figure 5 for 3 < ¢ < j < n; the choice of 7 and j in this range ensures that ¢ and 7 commute.

Since 7 and ¢ are conjugate in H, there exists g € Gy such that
¢(U)2 = g(b(T)zgil = Z;(UN)Z;(WN)'

By Corollary 5.17.(2), g must permute {vx,wx}, 50 ¢(0)? € (Zyy, Zwy - Now let o’ be the half Dehn
twist around any of the curves 77%,]" from Figure 5, for 1 < ¢ < 2 and ¢/ < j/ < n. Since n > 5,
o’ commutes with some curve o as above, so the same argument yields that ¢(c”)? € (Zyy, Zuwy )-
Summarising, we proved that ¢ maps the Dehn twists on the curves from Figure 5, which generate the
pure braid group, inside the finite subgroup {Z,, Zu », and again this implies that ¢(H) is finite. O

Lemma 6.9. Suppose that ¢(7) fizes a vertex vy of X n, but does not preserve any edge setwise. Then
o(H) is finite.

Proof. The proof in this setting is a mixture of the arguments from Lemma 6.6 and Lemma 6.8, as we
now explain.

Firstly, Lemma 6.7.(2) gives that vy is the only vertex of Xy fixed by ¢(7). Now, for all i =
3,...,n—1, ¢(7;) is a conjugate of ¢(7), so it must fix a single vertex of X y as well. Moreover, since
it commutes with ¢(7), it acts on its fixed set in X y, and therefore the unique fixed point of ¢(7;) is
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vn. Hence we can look at the images of ¢(7) and ¢(7;) inside the hyperbolic group H,,, call them y
and y;, which are conjugate and commute.

We now argue as in Lemma 6.6. The subgroup (y, y;» does not fix any vertex wy € Links (vn),
so by Corollary 5.14 it must be the projection of a finite Abelian subgroup F < H,. In turn, every
finite-order element in H, permutes at least two punctures, so F' injects inside the symmetric group
Sz, and all Abelian subgroups of the latter are cyclic. This shows that y; € (y), and therefore ¢(7;)
belongs to the finite group generated by z, and any preimage z of y in Stabg, (vy). We can now
apply the same argument to the commuting pair ¢(m2) and ¢(7,—1) to get that ¢(H) = {d(7) M1<i<n—1
is contained inside {z,,x), and the latter is finite as it is a finite cyclic extension of a finite cyclic
group. U

The following Lemma is the last case of Theorem 6.1.

Lemma 6.10. Suppose that ¢(7) € Z,,, for some vertex vy of Xn. Then ¢(H) is virtually cyclic.
Proof. This is the most involved case. Firstly, we consider what happens if ¢(T") has large order.
Claim 6.11. If ¢(T) has order greater than 5, then ¢(H) is virtually cyclic.

Proof of Claim 6.11. If ¢(T) has infinite order, then ¢(H) lies in the centraliser of ¢(7T'), which is
virtually cyclic as G is hyperbolic.

Now assume the order of ¢(T) is finite and greater than 5. Again, torsion elements in MCG(S5)
have order at most 5, so Corollary 5.11 implies that ¢(T) fixes a simplex of X setwise. In turn, by
Lemma 6.7, we find some 1 < k < 3 such that ¢(7*) is the image of either a multitwist or a power of
a half Dehn twist. In the former situation, ¢(H), which centralises ¢(7%), must lie in the centraliser
of the image of a multitwist, which is finite by Corollary 5.18.

Suppose instead that ¢(T*) € Z,,, for some wy € YS\?), so that ¢(H) < Stabg, (wx). Since
#(1) € Z,, and ¢(T*) € Z,, commute, the arguments from Claim 5.21 show that wy € Star (vy).
Now recall that, for every i = 1,...,n — 1, ¢(7;) is conjugated to ¢(7) by an element g; inside
¢(H) < Stabg, (wn), so that ¢(7;) € Zg,uy -

If vy = wy, then g;uy = wy for all i, because each g; fixes wy. This implies that ¢(H) < Zyy,
which is finite. Suppose instead that vy # wy, so that g;vy € Links (wy) for all ¢, and we shall
derive a contradiction. Notice that at least two g;uny must be distinct, as otherwise ¢(H) < Z,y
while ¢(T%) € Z,,. This also implies that there exist i,j with |i — j| > 1 and givy # gjun, for
otherwise, using that there are at least 5 indices, we readily see that all g;uy would coincide. Since
li —j| > 1, ¢(r;) and ¢(7;) commute, so g;ux and g;vn, which do not coincide, must be X y-adjacent
by Corollary 5.17.(1). However this would violate the fact that X x has no triangles, as g;uy and g;UN
belong to Links (wy). |

In view of Claim 6.11, we now assume that ¢ vanishes on T for some ¢ < 5. Now recall that we

set N = N/(5n)! in Equation (5). The next Claim shows that the composition H 2 Gy =, G+ has
finite image, where 7’: Gy — G- is the natural projection:

Claim 6.12. Let K < Gy be the subgroup generated by the image of all N'-th powers of half Dehn
Twists. Then ¢(H) N K has index at most (n — 1)? in ¢(H).

Proof of Claim 6.12. Let x € H be an n-th root of T" which cyclically permutes all punctures. By
[CKM19, Lemma 6.2], for every 1 < i < n — 1 the subgroup normally generated by z* contains the
commutator subgroup; furthermore, since x is an nth root of T', it maps to n—1 inside the abelianisation
of H, so the index of ((z*)) inside H is at most (n — 1)2.

Now let t = ¢(x), which has order at most 5n by Claim 6.11. If t* is trivial for some 1 <i<n —1
then ¢ vanishes on the finite-index subgroup ({(t*)), and therefore ¢(H) is finite. Otherwise, suppose
that the order of ¢ is at least n, and in particular ¢ is not the image of any finite-order element of G
(if n = 5 we use that a finite-order element of MCG(S5, ) has order at most 4). Hence t preserves a
simplex of Xy by Corollary 5.11, and by Lemma 6.7 there exist 1 < ¢ < 3 and an edge {uy,wy} of
Xy such that t7 € (Zy\, Zuy )-
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Since ¢ has order at most 5n, while Z,, = Z,, = Z/NZ by Lemma 5.15, we must have that
t2€(N'Zy,,N'Z,,». This shows that K contains the normal closure ((t?)), and since ¢ <3 <n —1
the latter has index at most (n — 1)? inside ¢(H). |

Now, recall that we are working under the assumption that ¢(7) € Z,,,, and we want to show that

¢(H) is virtually cyclic. By Claim 6.12, ¢(7)(("=D))! € K  Z,, and the latter coincides with N'Z,
by Lemma 5.15. Hence ¢(7) € M Z,,,, where M was defined as N’/((n — 1)?)! in Equation (5). Since
all generators of H are conjugate, we therefore get that ¢(H) < (M Z,, ) X
v N

From here, we will show that indeed ¢(H) € MZ,,, concluding the proof. Towards this, the
arguments from [MS26, Section 3] describe (M Z,,, > Lcx(® as the subgroup generated by a composite
v N

rotating family, a notion introduced by Dahmani in [Dah18]. We do not need the full power of this
machinery: for our purposes, it is enough to know that, for every countable ordinal «, there exists a
subgroup N, < G with the following properties:

If « =0 then N, = MZ,,.
If @ = B + 1 for some ordinal 3, then N, splits as a graph of groups over Ng;
If v is a limit ordinal, then N, = U5<a Ng.

Ua No = MZoy), cx©-

Let « be the first ordinal such that ¢(H) < N,. Notice that « is not a limit ordinal: indeed, if
¢(H) < No = Uz, Np, then each ¢(7;) belongs to Ng, for some 3; < «, and therefore ¢(H) <
_____ w28 = Na, against the definition of a.

Notice also that o cannot be a successor ordinal either. Indeed, if there is 5 such that a = S+1, then
¢(H) is contained inside Ng41 but not Ng, and therefore splits as a graph of groups over ¢(H) n Ng.
However, ¢(H) is a quotient of H with finite abelianisation, since we are assuming that ¢ vanishes on
a power of T; hence ¢(H) has Serre’s property (FA), which forbids any non-trivial splitting (see e.g.
[CV96, page 6] and the arguments therein).

We must therefore have that o = 0, so that ¢(H) < M Z,,,, as promised. This concludes the proof
of Lemma 6.10, and in turn that of Theorem 6.1. g
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